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Packel (1987). Traub, Wasilkowski and Wozniakowski (1988).
Novak and WozZniakowski (2008-2010).

Probabilistic Numerics

Briol, Chkrebtii, Campbell, Calderhead, Conrad, Duvenaud, Girolami, Hen-
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The operator
Q C R?

L: linear, symmetric, positive, invertible, local

(H5), || - | m72(02)) L (H=5(Q), || - g+ ()

L local: [, ulv =0 if u and v have disjoint supports

(G : Green’s function

DLy = f

The solution of (1) is u(z) = [, G( y) dy




The Gaussian field £(y)

(G : symmetric positive definite kernel
~N(0,G
: 0,6) s>d/2

¢(x) is a centered Gaussian process & ()

Cov (&(x),&(y)) = Gz, y)
For ¢ € H—S(Q),

Jo €(x)¢(x) da ~ N (0, fQ2 $(z)G(x,y)¢(y) dz dy,
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Problem s > /2

u € H§()) unknown

Given u(z1),...,u(zy)
what is your best approximation of u?
[u—v|?

Best: min, max,, a2~ as small as possible

[ull* = Jo ulu

Answer

vi(z) = E[{(z)|€(2:)




Numerical approximation/Optimal recovery game
| - ||: Operator/Energy norm defined by L

Jul|? = [, ulu = [Lu,u]
G1s- . Pm € H*(Q)

= Jq Pu
Player | Player Il
Chooses u € HS($2) Sees ([¢1,ul, ..., [Pm,ul)
Chooses v([d1,ul, ..., [Pm,u]) € H5()
|u—v(i1,ul,eos [ u)) ||

]2



Theorem

The optimal strategy of Player II is

vl = K[|, €] = [¢s,u] for i € {1,...,m}

vT is also the minimizer of

. lu—v(ig1.ul,....[fm )|
Hito SHPue HE () [u]?

C. A. Micchelli. Orthogonal projections are optimal algorithms. Journal of Ap-
proximation Theory, 40(2):101-110, 1984.

C. A. Micchelli and T. J. Rivlin. A survey of optimal recovery. In Optimal Esti-
mation in Approximation Theory, pages 1-54. Springer, 1977.



Representation theorem

vi(z) =370 ¢ Jo G, y)di(y) dy

Ci = Z;nzl @?:71 fQ ’U/d5j

O; ; = fQQ 05@(37)0(3379)%(9) dx dy



Basis functions

vl () = 32 i ulvi(,

Optimal recovery splines

i =i

1 @;jlﬁ—léj

Elementary gambles/bets

i =E|[¢

e e gl = {1,...,m}:




Biorthogonal system

<u,v> = fQ uwlv

Theorem

The <-, > orthogonal projection of u € Hj(€2)
onto L tspan{¢; |t € {1,...,m}} is

(21

Z iy u

1=1




Numerical Homogenization

1) Lu = f]

Given m, to find vy, ..., ,, s.t:

1. Accuracy.

IL™ =570 civill

SUP re1.2(0) inf .cgm T 22 o

is as small as possible.

2. Localization. The 1; are
as localized as possible.



Numerical Homogenization
Pioneering work in classical homogenization

Papanicolaou, Bensoussan, Lions, Murat, Tartar, Varadhan, Zhikov, Kozlov,
Oleinik, Allaire, Nguetseng,... (and many others)

MsFEM Hou, Wu, Efendiev, Fish, Wagiman, Chung...

Harmonic coordinates Babuska, Caloz, Osborn, Allaire, Brizzi, Zhang, O
HMM Engquist, E, Abdulle, Runborg, Schwab....
Stochastic Homogenization

Papanicolaou, Varadhan, Zhikov, O., Bourgeat, Piatnitsky, Gloria, Otto, Lebris,
Legoll, Blanc, Jing, Bal, Sougadinis, E,...

Variational Multiscale Method. Orthogonal Decomposition

Hughes, Feijéo, Mazzei, Quincy, Malqvist, Peterseim,...

Projection based methods

Nolen, Papanicolaou, Pironneau.

Variational Multiscale Method. Orthogonal Decomposition
Hughes, Feijoo, Mazzei, Quincy, Malqvist, Peterseim,...

Flux Norm. Rough Polyharmonic splines

O., Berlyand, Zhang, Symes, Bebendorf,...

Gamblets — Sparse Operator compression
O., Scovel, Schafer, Sullivan, Hou, Zhang, Huang, Lam, Qin,...



Localization problem

Localization problem in Numerical Homogenization

[Chu-Graham-Hou-2010] (limited inclusions). [Efendiev-Galvis-Wu-2010] (lim-
ited inclusions or mask). [Babuska-Lipton 2010] (local boundary eigenvectors).
[Owhadi-Zhang 2011] (localized transfer property). [Malqvist-Peterseim 2012]
Local Orthogonal Decomposition. [Owhadi-Zhang-Berlyand 2013 (Rough Poly-
harmonic Splines). | A. Gloria, S. Neukamm, and F. Otto, 2015] (quantifi-
cation of ergodicity). [Hou and Liu,DCDS-A, 2016]. [Chung-Efendiev-Hou,
JCP 2016]. [Owhadi, Multiresolution operator decomposition, SIREV 2017].
[Owhadi, Zhang, gamblets for hyperbolic and parabolic PDEs, 2016]. [Hou,
Qin, Zhang, 2016]. [Hou, Zhang, 2017]. [Hou and Zhang, 2017]: Higher order
PDEs (localization under strong ellipticity, h sufficiently small, and higher or-
der polynomials as measurement functions). [Hou, Huang, Lam, Zhang, 2017].
[Kornhuber, Peterseim, Yserentant, 2016]: Subspace decomposition.

Subspace decomposition/correction and Schwarz iterative methods

[J. Xu, 1992]: Iterative methods by space decomposition and subspace correc-
tion. |Griebel-Oswald, 1995]: Schwarz algorithms.

Non-conforming coarse elements. Geometric conditions.

(0. 2015]. [O. - Scovel, 2017]



Measurement functions

o O, = Lry
T RVITE
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Gamblets




Accuracy

inf lu —v|| < Ch*||Lul| L2

vespan{1,...,Ym }

Localization

Achieves Kolmogorov n-width accuracy
up to multiplicative constant

l\% HHS(Q/B(:c?;,nh)) < 06_”/0‘

Kl r3

Vi

1800 T T T T T T T T T
(K
W00
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Localization of Gamblets

§~N(0, L7

(a:') | 5(%-) =0 forjel




Screening effect

Cor (&(x:), &(5)[€(x0), 1 # 4, j]) = —orrridy

Cor (€(s), &(a5)|€(@1), 1 # 1, 4]) < Ce e/



Operator adapted wavelets

(H5), | - |72 (0)) L (H=5(Q), || - llg-+()

How to construct operator adapted wavelets for L7

1. Scale-orthogonal wavelets with respect to operator scalar product (leads
to block-diagonalization)

2. Operator needs to be well conditioned within each subband

3. Wavelets need to be localized (compact support or exp. decay)

r

O(N)

A
v



Operator adapted wavelets

First Generation Wavelets: Signal and imaging processing
Morlet, Grossmann, Mallat, Daubechies, Coifman, Meyer, Wickerhauser,...

First Generation Operator Adapted Wavelets (shift and scale invariant)

Cohen, Daubechies, Feauveau (Biorthogonal bases of compactly supported wavelets),
Beylkin, Coifman, Rokhlin, Engquist, Osher, Zhong, Alpert, Jawerth, Sweldens,
Dahlke, Weinreich, Bacry, Mallat, Papanicolaou, Bertoluzza, Maday, Ravel,
Vasilyev, Paolucci, Dahmen, Kunoth, Stevenson, Candes...

Lazy wavelets (Multiresolution decomposition of solution space)

Yserentant (Multilevel splitting), Bank, Dupont, Yserentant (Hierarchical basis
multigrid method),...

Second Generation Operator Adapted Wavelets

Sweldens (the lifting scheme); Dorobantu, Engquist; Vassilevski, Wang (sta-
bilizing the hierarchical basis); Carnicer, Dahmen, Pena, Lounsbery, DeRose,
Warren, Barinka, Barsch, Charton, Cohen, Dahlke, Dahmen, Urban, Cohen,
Dahmen, DeVore, Chiavassa, Liandrat, Dahmen, Kunoth, Schwab, Stevenson,

Sudarshan, Engquist, Runborg, Yin, Liandrat,...



H3(Q) - H~=*(Q)
U
L2(Q)

‘ Haar pre-wavelet decomposition of

¢§4) | q><° o L2(Q) — H™*(Q)

The method

Multi-resolution decomposition of

1 Gamblet transform Hg(Q) — H=5(Q)

> “-3’ ‘ ‘*
(4) @b (4)

(3)

< |




Hierarchy of measurement functions
o* e H=5(Q) with k € {1,...,q)
k k,k+1 k+1)
o =% my e

Hierarchy of gamblets

k k),—1 p_1 ,(k
wg ) = Zje:z(k> @g,j) L 1§b§' )

o) = [ ¢ L-14H)




Example

\gb,gk): Haar (pre)—wavelets|

o ¢(k) : Weighted indicator functions of a

1
hierarchical nested partition of € of resolution 2%

(2
T2.3

(k—1) _ (k—1,k) (k)
P = Zj U ¢j

oo | OO




00 (000 (000
@00 | 000 00O
00 | 000 000

00 000 | 000
Q00 (000 (00O
00| 000 | 000

00 | 000 | 00O
00| 000|000
00 000 | 000

s >d/2

\gbgk): Sub-sampled diracs|

@) @) @)

o (] o

o ) o
@

Example

6" = o —ai”)

[Schafer, Sullivan, O., 2017]




Gamblets




Measurement functions are nested

¢§k) —> (F, k—|—1)¢(kz—|—1)‘

U = ez 00 T LT

Gamblets are nested

k k,k+1 k+1
07 =z Ry Y




Pk) = spa,n{@b,gk) i e (R}
k=1 — q3(k)
93(%): Orthogonal complement of
BE=1) in Y w.r. to <u,v> = fQ uLv
Gk) — q3(k—1) g 9y5(k)
Theorem
H(Q) =200 ¢ o® ¢ ...
Question

What are the basis functions for 20(%)?



x L oD o [gbgk_l), x] = 0 for all 4 € Z(k—1)
_ (k)

x € UM o x =3 cv;

y € W) o glb=Lk)e —

Basis functions for 25%)
i € I J7(k=1)

ngk) ‘= Z c T (k) W(% ")

Img(W (k)T = Ker(m(F=1:k))
W) (W ENT = J(k)




el o o

—~ _

~C LlE]| =l

N— "

wn/.JUOUU

P olo|o|lo

— .

W lolol e
—~ l_ﬁzWﬁUU
L lo|lo|ole
p—
IOUUO
W
N

Z}ooo

Elo|lolo

__ olo| oo

*e olo| oo
L~
~Z
N T

P
2’

.

St a2
k=

LI o o

- |

™~ | e

™ |

oo O O

oo O O

00



The operator is well conditioned in each subband

AR = (p® g ®y ) ) )y

1,]
Theorem

Cond(A) < C  [Cond(B%) < (]

4 T
A 35| Amax (AF)) ]
B’ - 3t 1Og10( >\rnin (A(k)) ) —
: S Amax(B*))
B a5l 10g10( Amin(B(k))) _
BS S —
2t .
ol = 15}
82 | S 1
Al —— 05| IU
' : ' ' : : ' ) 0

3 2.5 2 15 4 05 0 0.5 1 1 o 3 4 5 6 7

O., Scovel, 2017] [Schéfer, Sullivan, O., 2017]



Interpolation operator
k—1 k—1,k k
O =Y Ry Y
[gbgk_l),wgk_l)] _ 5279 w(k—l) J_ mj(k)

HF=D - ﬂ_(k 1k)w k)+z cjx(k)

R—1R) — z(-=TE) ([(0) — AR (R T BTy (R




Gamblet Transform

) ZZ)QE(Q)):%() ()

2: Az’,qj - <¢z’q ijq >

3: for k =¢q to 2 do

4. B — wk) Ak (k),T

s XM =3 g Wp®
. R(k 1Lk) = (k- 1k>(1(k) AR (B).T Blk).~1yy7 (k)
7. A(k 1) R(kz—l,k)A(k)R(k,k:—l)
8
9

k— “1,k) (K
U = ez R Y)Y

. end for

Theorem

O(N log®*(N )) complexity
to achieve grid size accuracy in energy norm



Sparse Rank Revealing Representation of the Green’s function

G(x,y) = ZA“?’%?”(:UW,E”@)
+> 3B TN @)X ()

k>2 1,9

C—thS < A(l),—l <C

: .X?) ng') X§4i

C—thSk’ < B(k}),—l < OhQs(k—l)




Sparse Representation Of the Gaussian Process

|£ — g(l) + (6(2) _ 5(1)) 4.4 (g(k) _ g(k—l)) 4 .. {
5(1) =y Y;;(l)w,gl) g(k) _ g(k:—l) =3 Y}(k)XEk)
YW ~ N0, AD--1) y R o N0, BF)-T)

W”b*

5(2) _ 5(1) 5(3) _ 5(2)

__5(4)_5(3) 5(6 — £(5) _|_ 5(7) £(6)




Sparse Representation Of the Gaussian Process
|£ — g(l) + (6(2) _ 5(1)) 4.4 (g(k) _ g(k—l)) 4 .. {

5(1) _ Zq; Y;;(l)w,gl) g(k) B g(k:—l) _ Zi Y}(k)XEk)




Sparse Representation Of the Gaussian Process

c®) =3y Wy 5ok 5~y KD ()

@ Ay P P
B I ey FOME A0

6
4

0
2
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1
(7)
; - )
05 ) 0
- 04
- 0.2
0 o




Sparse Representation Of the Gaussian Process

k) = 3 Yy Dy ™ +Zkf_22 yF 5 )
5(2) - 5(3) W

- - 07
2 7

e©) ™



Fast solvers

Multigrid Methods |[Fedorenko, 1961, Brandt, 1973, Hackbusch, 197§]

Multiresolution/Wavelet based methods

[Brewster and Beylkin, 1995, Beylkin and Coult, 1998, Averbuch et al., 1998]
[Beylkin, Coifman, Rokhlin, 1992] [Engquist, Osher, Zhong, 1992] [Alpert, Beylkin,
Coifman, Rokhlin, 1993] [Cohen, Daubechies, Feauveau. 1992] [Bacry, Mallat,

Papanicolaou. 1993]
Robust/Algebraic multigrid

[Mandel et al., 1999], [Wan-Chan-Smith, 1999], [Xu and Zikatanov, 2004], [Xu
and Zhu, 2008], [Ruge-Stiiben, 1987], [Panayot - 2010]

Stabilized Hierarchical bases, Multilevel preconditioners

[Vassilevski - Wang, 1997, 1998|, [Panayot - Vassilevski, 1997], [Chow - Vas-
silevski, 2003], [Aksoylu- Holst, 2010]

Low Rank Matrix Decomposition methods

Fast Multipole Method: [Greengard and Rokhlin, 1987]
Hierarchical Matrix Method: [Hackbusch et al., 2002|, [Bebendorf, 2008]
Direct Solvers: [Martinsson, Gillman, Hao, 2009-2016] [Ho, Ying: 2016]

Graph sparsification for structured matrices

[Spielman and Teng , 2004-14], [Kelner, et al, 2013], [Koutis, Miller, Gary and
Peng , 2014], [Cohen, Kyng, Miller, Pachocki, Peng, Rao, and Xu, 2014], [Kyng,
Lee, Peng, Sachdeva, Spielman , 2016|, [Kyng and Sachdeva, 2016]



1) Lu = f]

Fast Solvers

How to solve (1) as fast as possible
up to a given accuracy?

How to construct a fast solver with some degree of universality?

L: arbitrary, symmetric, positive, continuous linear bijection

(HS (), || - [z ) L (=), |- [ 5-+(@)




L: Arbitrary symmetric positive continuous linear bijection

H3(Q) & H=*(Q)

Gamblet transform

HE(Q) = ) (CONEE)) § (CINE) (GO Rranui

lul|? = [, ulw

R N

O(N)




H(Q) =200 ¢ B ¢ ...

Lu=f

Theorem
w=vm ... k) L. ..

k k
i) = D TR ‘wf )Xz(' )

B®) (k) — £k

9= Jo o BE =6 Y)



Gamblet Solve

fi(Q) = [, f@b@(Q)

for k =q to 2 do
wk) = Bk), =1y (k) £(k)
) oD =5
f(kz—l) — R(k—lak)f(k)

end for
1) — A(l)a—lf(l)

u® =Y, 70 U9
u = u(l) _|_ (u(z) —_ u(l)) _|_ . e + (u(Q) —_ u(q_l))

Theorem

O(N log®TH(N )) complexity
to achieve grid size accuracy in energy norm



083%© + 0.0004% " 0.00053% * 0.00013%

Energy content

{—div(aVu) = f, x;,;:ag: f c COO(Q)

u =0,



307 T16%. e LT Y

w¢¢ﬂ‘

14% 1%
u@ — B ) ), 6) _u(5) um u(G)

Energy content

—div(aVu) = f, x € €,
S f = 8(z — o)



Example { —div(aVu

Span{p;li € T} ¢ HY(Q)

ul|* = [, (Vu)"aVu




(1)

o o ||

oo |o|O
o O [ gk

u/_‘\ —
Y =R =R k=R
pa—

Inputs of the algorithm

A

0 |1/2

1/2 0

0

0{0{0 0[O

0

0 0l0l0] 00000
o [ofueliz| ~ [abiioh A
0 00 olofoolololol0
) [0
0l0of/0]o0 oTololololelolo
(1,2) (2,3)
Tr?l’a' Trj’.
3)
0 10]|% | 00|
00| %0 00|75
010[0O0]O0 010]0]0
010[0]O0 010|010
(2) (2)
W) Wy

fQ(vS@i)TaVSOj

(k—1,k)

a(k=1.) (p(h=1ENT — (k1)
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(7)) 4,(6) — > w,§7)x,§7) SR,

By(7) = W0 T £(0

B,f;) = fQ(VX§7))TaVX(7) BT — (M AT (DT

]



AT — A

R67) = 767 (1(1) _ ANy (71).T B(7), =11y (1)

A6) — R(6.7) AN (R6.1)T







2, (6) _ 4, (5)

u(® —u® = 37w

BO)(6) — O 46) g0 - gorger

B(6) — 117(6) 4(6)}y/(6).T



AG) = R(5.6) A(6)(R(5.6))T







u® —u® =3 7\ )

1

By = O).T £6) f6) = R(5:6) £(6)




5@ Z A1 ,05)

) 1,7

R&5) = 7 (45)(165) — AG) 7 (5).T B(5), =117 (5))

A4 = R(A5) A6)(RAS))T
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A®@) = R(23) AB)(R(23))T
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u® — () =3 Pyt

1

BRy2) = w@.T f2)

2 (2) _ (D)

B2) — w2 A@ Q)T
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0.5

(1) _ (1,2) ,(2) "~
v, —Zj Ri,j %

R1:2) = 7z(1.2)(1(2) _ A1y (2).T B(2), =11y (2)

04

A = R(1,2) 4(2)(R1L.2))T







083% < 0.0054%° 0.00053% © 0.00013%

—div(aVu) = f, x € (),
u=0, x¢€dl,



Dense kernel matrices

e Schafer, Sullivan, O. 2017.
e arXiv:1706.02205

;@,

Florian Schafer Tim Sullivan

Software
https://github.com/f-t-s/nearLinKernel.git



Covariance function/kernel

Q c R%: Bounded domain

L: arbitrary continuous positive symmetric linear bijection

(H5Q), || - |72 (2)) L (H=5(Q), || - lg-+()

L: is local fQ ulv = 0 if v and v have disjoint supports

Covariance function = its Green functions

G=L""




The kernel/covariance matrix

d
S > 5 wmm) G(x,y) is continuous

x1,...,xN: Approximately homogeneous

©: N x N symmetric positive definite matrix

Oi,; := G(z4, ;)




The kernel/covariance matrix

Important in
e Computational Physics
e (Gaussian process) statistics

e Kernel methods for machine learning
(e.g. Support Vector Machines)



Computational bottleneck

O is dense, naively we have
e Storage, O(N?)
e Ov, O(N?)
o O 1lu, O(N?)
e det(©), O(N?)
e PCA(O), O(N?)



Algorithm

For € > 0 knowing only 2 and {z;}i1<i<n, we will

e Select O(N polylog(NV) polylog(+)) entries of © and
an ordering P of {z;}1<i<n.

e From these entries compute a lower triangular matrix L

such that nnz(L) = O(N polylog(N) polylog(1)).

Theorem

The above can be done in complexity N polylog(/N) polylog(%),
in time and space, such that

|© — PLL"P"|| < e

Allows to approximate Ov, O~ lv, det(©),
in O(N polylogN polylog%) complexity



A simple algorithm

e Decompose {z;};c7 into a nested hierarchy:

{Zitiezy CHATitiez@ CATitiez C - CATitier@



A simple algorithm

e Decompose {z;};c7 into a nested hierarchy:

{Zitiezy CHATitiez@ CATitiez C - CATitier@

e Define
Tk) . — I(k‘)/[(k—l)



A simple algorithm

e Decompose {z;};c7 into a nested hierarchy:

{Zitiezy CATitier® CAZitiez® C - CHTi i@
e Define
71) = 7(1)



A simple algorithm

e Decompose {z;};c7 into a nested hierarchy:

{Zitiezy CHATitiez@ CATitiez C - CATitier@
e Define

7@ = 7) y 7(2)



A simple algorithm

e Decompose {z;};c7 into a nested hierarchy:

{Zitiezy CATitier® CAZitiez® C - CHTi i@
e Define
76) = 70 U 72) U 76)

1 - @ i®un @@ @ i @ @8
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A simple algorithm

e We order the degrees of freedom from 7 to J(@
and define the sparsity pattern:

S:={(i,j)) eI xZI|lie JW, je JW, dist(z;,z;) <2 x 27 mink}
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e We order the degrees of freedom from J) to J(@)
and define the sparsity pattern:

S:={(i,j)) eI xZI|lie JW, je JW, dist(z;,z;) <2 x 27 mink}
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A simple algorithm

e We order the degrees of freedom from J) to J(@)
and define the sparsity pattern:
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A simple algorithm

e We order the degrees of freedom from 7 to J(@
and define the sparsity pattern:

S:={(i,j)) eI xZI|lie JW, je JW, dist(z;,z;) <2 x 27 mink}
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A simple algorithm

e We order the degrees of freedom from 7 to J(@
and define the sparsity pattern:

S:={(i,j)) eI xZI|lie JW, je JW, dist(z;,z;) <2 x 27 mink}

\
0.4
o O & O
0.2
5
\\\_-“WJ/ /
0 @ (@) [&] O ®




A simple algorithm

e We order the degrees of freedom from 7 to J(@
and define the sparsity pattern:

S:={(i,j)) eI xZI|lie JW, je JW, dist(z;,z;) <2 x 27 mink}
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A simple algorithm

e We order the degrees of freedom from 7 to J(@
and define the sparsity pattern:

S:={(i,j)) eI xZI|lie JW, je JW, dist(z;,z;) <2 x 27 mink}




A simple algorithm

e We order the degrees of freedom from J 1) to (@)
and define the sparsity pattern:

S:={(i,j) eTxZIlieI®, jeJW, dist(x; ;) <2 x 2" minki}
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A simple algorithm

e We order the degrees of freedom from J 1) to J@
and define the sparsity pattern:

S:={(i,j) €eIxZIlie W, je IV, dist(z;,z;) <2 x 27 mink}
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e We order the degrees of freedom from J 1) to J@
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e We order the degrees of freedom from J 1) to J@
and define the sparsity pattern:

S:={(i,j) €eIxZIlie W, je IV, dist(z;,z;) <2 x 27 mink}




A simple algorithm

e We order the degrees of freedom from J 1) to (@)
and define the sparsity pattern:

S:={(i,j) eTxZIlieI®, jeJW, dist(x; ;) <2 x 2" minki}
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A simple algorithm

e Write the entries in matrix:

e for (i,

else

1 IHY T PO

=09

2000 2000
Hos

4000 4000
o7

6000 6000
0.6

8000 8000
05

10000 0% 10000

12000 03 12000
0.2

14000 14000
01

16000 16000

2000 4000 6000 8000 10000 12000 14000 16000 2000 4000 6000 8000 10000 12000 14000 16000



A simple algorithm

Cholesky factorization A = LL' can be computed as

Algorithm 1: Cholesky factorisation
for/ < 1toNdo

Aii < /A
forj < i+1toNdo
Lforla—jtoNdo

| Axj < Acj— " AiAi

A= ALi/NALG

return LowerTriang (A)




A simple algorithm

Cholesky factorization A = LL' can be computed as

Algorithm 1: Cholesky factorisation
for/ < 1toNdo

Aii < \Aii
forj < i+1toNdo
Lforla—jtoNdo

| Axj < Acj— " AiAi

A= ALi/NALG

return LowerTriang (A)

@ One small Tweak: Skip all operations, for which (k, ), . or
(/. 1) are outside of the sparsity pattern.



A simple algorithm

i'._!f,r‘-"d'\ :h'!- }Fﬂ E'._! : -!k\-"'-ﬂ :I"-E" fj—w
e ™ T '--L. -

The algorithm is oblivious to exact knowledge of the PDE and
uses only the geometry of the discretisation.



Why does it work?

@ © has almost sparse Cholesky factors!




Analysis with gamblets

ngQ) = 6(xz — x;): Delta Dirac functions
Gamblet Transform
w’EQ)('/’U) — Zj @,;le(ﬂZ',ZUJ)
-1 _ /.(a) ., (q)
015 = (Wi, ¥;")

w(Q) localized = ©~! sparse

()
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(k) k) o1 (k)
i = Jo e 1¢§-

(k) _ (k) (k) .
ia.j o x’& 7xj

(.k.): Sub-matrix of ©
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Single step of (Block-) Cholesky decomposition

i
ok — [Cl D [
Il 0 Al 0 I|4°'B
o ca| [ ) [p-caB 0 Ji
4

1
B = (" .x")  (BY)

(B(k))_l = Schur complement of the block Qlk—1)
of the matrix ©%)



= (X,

(k)

k
A
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