MATH 221, Fall 2016 - Homework 7 Solutions

Due Tuesday, October 25

Section 4.1

Page 196, Problem 16:

It is clear that W is not a vector space because it can never contain the zero vector (the first entry is always 1).
Page 196, Problem 21:

The set H is a subspace of Ms,o because:

1) If a = b= d =0, the zero vector is contained in the space.

a; b az by . . .
Let [ 0 d } and [ 0 d } be two arbitrary matrices in H.

2)Then |:a1 b1:| l:ag b2:|:|:a1+a2 b1+b2

0 d 0 dy 0 dy + do } , which is of the form [

} , so H is closed under addition.
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3) Let 8 be an arbitrary scalar. Then, § [ 0 d ] = [ 0 Bdy | which is of the form 0
So H is closed under scalar multiplication.

Page 196, Problem 22:

The set Mo, is the set of all matrices of the form { Z Z ] where the entries are arbitrary.
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This set is a subspace (as stated in the problem).
A B

Let the matrix " be F'= | C D | where the entries are fixed.
E F

The set H = {A € Ma,q : FA =0} is a subset of Ma,4. To show H is a subspace:

1) Because FO=0,0¢€ H.

2) Let Ay and A be arbitrary matrices in H. Then, F(A;) =0 and F(A42) = 0.

BecauseF' (A1 + Az) = F(A1) + F(A2) =040 =0. Thus, 4; + A3 € H, so H is closed under addition.
3) Let A € H and ¢ € R be arbitrary. Thus, FA = 0. So, F(cA) = cFA=¢(FA)=0.

Thus, cA € H, so H is closed under scalar multiplication.

Page 197, Problem 32:



To show H N K is a subspace, check the three conditions:
1) Because H and K are subspaces, 0 € H and 0 € K. Thus, 0 € HN K.
2) Let ue HN K and v € HN K be arbitrary. Then,u € H andu € K and ve H and v € K.
Because H and K are subspaces, u+v € H and u+v € K. Thus, u+ve HNK.
3) Let c€ R and u € H N K be arbitrary. Then, u € H and u € K.
Because H and K are subspaces, cu € H and cu € K. Thus, cue HN K.
An example in R? to show H U K is not always a subspace would be H = {(z, 0) : z € R} and K = {(0, y) : y € R}
(the x-axis and y-axis, respectively). Let u=(1,0) e HUK and v=(0,1) € HUK.
Then, u+ v = (1, 1), which is not in H or in K, so it is not in H U K.
Thus, H U K is not closed under addition and is therefore not a subspace.
Page 197, Problem 33a:
To show H + K is a subspace:
1) Because H and K are subspaces, 0 € H and 0 € K . Thus,0+0=0=0¢€¢ H + K.
2) Let x, y € H + K be arbitrary.
Then, x =u+v whereue Handve Kandy =s+t wheres€ H and t € K.
Thus, x+y=(u+v)+(s+t)=(u+s)+ (v+t). But,u+secH and v+t €K (because H and K are subspaces).
Thus, x+y € H+ K, so H+ K is closed under addition.
3) Let x € H + K and ¢ € R be arbitrary. Then, x = u+ v where u € H and v € K. Thus, cx = c¢(u+v) = cu+ cv.
Because H and K are subspaces, cu € H and c¢v € K. Thus, cx € H+ K, so H + K is closed under scalar multiplication.
Page 197, Problem 33b:
Because every vector in H can be written as a sum of itself and 0 (the zero vector in K and H), H is a subset of H + K.
Because H contains the zero vector and H is closed under addition and scalar multiplication (because H is a subspace

of V), H is a subspace of H + K (this arguement also applies to K, so K is also a subspace of H + K.



Section 4.2

Page 206, Problem 6:

13 -4 -3 10 10 5 -6 1 0
Solve the equation Ax=0: | 0 1 -3 1 0 O0O|—=|0 1 -3 1 0 O
00 0 0 00O 00 0 0 00O
1 -5 6 -1 -5 6 -1
) 3 -1 0 3 -1 0
Thus, | 3 | =3 1 [4z4 0 |+=zs 0 |. So, aspanning set for the null space is 1 , 0 , 0
T4 0 1 0 0 1 0
x5 0 0 1 0 0 1

Page 206, Problem 9:

p—3¢q—4s—0r=0

% 0g—s5—5r=0 " So the vectors in W are solutions to this system.

The system of equations can be rearranged to

Therefore, W is a subspace of R%, by Theorem 2 (and hence a vector space).

Page 206, Problem 14:

-1 3
Notice that W = Col A for A = 1 —2 |. Therefore, W is a subspce of R? (and a vector space) by Theorem 3
5 -1
(look at Example 4 of this section).
Page 206, Problem 27:
1 -3 -3 3
Let A=| -2 4 2 . Then, x = 2 is a solution to Ax = 0. Thus, x € Nul A. Since Nul A is a subspace
-1 5 7 -1
30
of R?, it is closed under scalar multiplication. Therefore, 10x = 20 is also in Nul A (a solution to the system).
-10
Page 206, Problem 28:
5 1 =3 0
Let A= -9 2 5 and b= | 1 | . Because there is a solution to Ax = b, b € Col A. Since Col A is a subspace
4 1 -6 9
0
of R3, it is closed under scalar multiplication. Thus, 5b= | 5 is also in Col A. So, the second system must also have
45

a solution.



Page 207, Problem 30:
Let T'(x) and T'(w) be vectors in the range of T. Then, because T is a linear transformation, T'(x) + T'(w) = T(x + w)
and for any scalar ¢, ¢T'(x) = T(cx). Because T'(x + w) and T'(cx) are in the range of T' (which is a subset of W), it

follows that the range of T is a subspace of W (closed under addition and scalar multiplication).



