MATH225
quiz #3, 04/25/17

Total 100
Solutions
Show all work legibly. Name:
1 0<t<nw . .
1. (10) Let g(t) = 0 t> 1 . Express ¢(t) as a combination of step functions.
The solution is g(t) =
Solution. g(t) = u(t) — u.(t).
<
2. (15) Let g(t) = { (1) S;;< " . Find G(s), the Laplace transform of g(t).

The solution is G(s) =
1
Solution. Since g(t) = u(t) — u.(t), one has G(s) = ; {1 . e*ﬂs]'

1

3. (30) Find the i Lapl t st f———
( ) n e inverse Laplace transtform o s(s2+s+%)

The inverse Laplace transform is:

1 b 5
Solution. ——— < = g—i—LCE). Multiplication of both sides by s <82 + 5+ )
s(s2+s+73) s s24s+] 4
leads to

1:a<§+s+i)+ws+@&

4 4 5
If s=0, then a = 5 Differentiation of the identity 1 = R (52 + s+ ) + (bs + ¢)s leads

4
to 4
0= 5(25+1)+(2b5+c).
4
and when s = 0 one has ¢ = —E The identity then becomes
4 4
0=—-(2s+1)+2bs— —.
5 (2 1)+ 2s =3
. . . 4
Equating coefficients of like powers of s one has b = — Finally
1 41 4 s+l 41 [s+3]+3

4
5(52—1—54—%)_55_582—1—5—1—%_g;_g[s_F%}Q_'_l'



The inverse Laplace transform of this function is

4 47 T e
—{6 2cos t+ —e 251114.
5 2

. (30) Find the solution y(¢) of the differential equation

5 1 0<t<nm
7 I, _ >
vy g(t) {0 P>

with the initial conditions y(0) = 0, ¥'(0) = 0.

The solution is y(t) =

Solution. Application of the Laplace transform to both sides of the equation leads to

1 _6—71'8
Y =—F2—.
s(s2+s+3)
. : 1
First we find the inverse Laplace transform of ——————=. Note that
s(s2 45+ 3)
1 b 4 4
—— % :g+7s+c5witha:f, and b=c=——.
s(s2+s+73) s s+ sH+] 5 5
That is
1 41 4 [s+3]+1
— = - 22
s(s2+s5+73) 5s 5{54_%} 1

and the inverse Laplace transform of this function is

4 4{; t—l—l’% ) t}
- — = —e 2sint|.
5T E e~ 2 cos %€

™S 1

s(s2+ s+ 2) ®

The inverse Laplace transform of e~

4 4 ¢

U (t) <5 ~ [6_2_ cos (t —m) + ;e_g_” sin(t — W)]) :

Finally
4 4

_t I ¢ . 4 it | BT
y(t):—{e 2cost+§e 281nt}—uﬂ(t)(5+5{e 3 “cost—i—ie 577 gin tD



5. (15) Let f(t) be a periodic function with period 7' = 1 and values f(t) =t for 0 <t < 1.
Find F'(s) the Laplace transform of f(t).

The solution is F(s) =

Solution. We start with evaluation of Fi(s) the Laplace transform of fi(t) = u(t)f(t) —
u(t—1)f(t—1).

! —st 1 —st|1 1 ! —st
Fi(s) = /Oe ft) dt = —e 0+g/0 e~ dt
1 1
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