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By enrolling in this course, each student assumes the responsibilities of an active participant in
UMBC’s scholarly community in which everyone’s academic work and behavior are held to the
highest standards of honesty. Cheating, fabrication, plagiarism, and helping others to commit
these acts are all forms of academic dishonesty, and they are wrong. Academic misconduct could
result in disciplinary action that may include, but is not limited to, suspension or dismissal.

Show all work legibly. Name:

1. (20) Consider the linear system of equations

x − y = a
2x + y − 3z = 8
x − 2y + 3z = −5

Find the value of a if y = 0.

Solution. Since y = 0 the system becomes

x + = a
2x + − 3z = 8
x + + 3z = −5

and
x − a = 0

2x + − 3z = 8
x + + 3z = −5

The augmented matrix of the systems is 1 −1 0 0
2 0 −3 8
1 0 3 −5

→
 1 −1 0 0

0 2 −3 8
0 1 3 −5

→
 1 −1 0 0

0 1 3 −5
0 2 −3 8

→
 1 −1 0 0

0 1 3 −5
0 0 −9 18

→
 1 −1 0 0

0 1 0 1
0 0 1 −2

→
 1 0 0 1

0 1 0 1
0 0 1 −2


a = 1

2. (40) Let

[
1
1

]
and

[
1
−1

]
be the eigenvectors of a 2×2 matrix A with the corresponding

eigenvalues 2 and 3.



(a) (20) Compute A4.

Solution. A = U

[
2 0
0 3

]
U−1, where U =

[
1 1
1 −1

]
, and U−1 =

[
1/2 1/2
1/2 −1/2

]
.

A4 = U

[
24 0
0 34

]
U−1 =

[
23 + 34/2 23 − 34/2
23 − 34/2 23 + 34/2

]
.

(b) (20) Compute det (A).

Solution. det (A) = det U det

[
2 0
0 3

]
det U−1 = 6.

3. (20) Let T be a linear transformation that reflects a vector in R2 with respect to the line
y = −x.

(a) (10) Find A the standard matrix for the linear transformation T .

Solution. A = [T (e1), T (e2)] = [−e2,−e1].
(b) (10) True or False? T is one–to–one.

Solution. T (x) = Ax =

[
0 −1
−1 0

] [
x1

x2

]
=

[
−x2

−x1

]
. If T (x) = 0, then x = 0,

and T is one–to–one.

4. (20) Let A =

[
0 −1
−1 0

]
.

(a) (10) Find A−1 if exists.

Solution. [
0 −1 1 0
−1 0 0 1

]
→
[
−1 0 0 1

0 −1 1 0

]
→
[

1 0 0 −1
0 1 −1 0

]

A−1 = A.



(b) (10) If B is a 2× 3 matrix so that AB = C =

[
1 2 3
4 5 6

]
. Find B.

Solution. B = A−1C =

[
0 −1
−1 0

] [
1 2 3
4 5 6

]
=

[
−4 −5 −6
−1 −2 −3

]
.

5. (60) Let u1, u2 be vectors of magnitude 1 (i.e., uT
1 u1 = uT

2 u2 = 1).

(a) (20) True or False? uT
1 u2 ≤ 1

Solution. Note that for each real number t

0 ≤ (u1 − tu2)
T (u1 − tu2) = t2uT

2 u2 − 2tuT
2 u1 + uT

1 u1 = t2 − t
(
2uT

2 u1

)
+ 1.

This yields (
2uT

2 u1

)2
− 4 ≤ 0, and uT

1 u2 ≤
∣∣∣uT

1 u2

∣∣∣ ≤ 1.

(b) (20) True or False? If uT
1 u2 = 1, then u1 = u2

Solution. When uT
1 u2 = 1 one has |u1 − tu2|2 = (t − 1)2. When t = 1 one has

|u1 − u2|2 = 0, and u1 = u2.

(c) (20) Let v1, v2 be linearly independent vectors of magnitude 1. True or False? If
uT
i vj = 0 for each i, j then the set {u1, u2, v1, v2} is linearly independent.

Solution. If u1 = ±u2 the four vectors {u1, u2, v1, v2} are linearly dependent.

6. (40) Let A =


1 2 4 8
1 3 9 27
1 4 16 64
1 5 25 125

 and B =


7 2 4 8
7 3 9 27
7 4 16 64
7 5 25 125

 .

(a) (20) Compute detA.

Solution.

det


1 2 4 8
1 3 9 27
1 4 16 64
1 5 25 125

 = det


1 2 22 23

1 3 32 33

1 4 42 43

1 5 52 53

 =

det


1 2 22 23

0 3− 2 32 − 22 33 − 23

0 4− 2 42 − 22 43 − 23

0 5− 2 52 − 22 53 − 23

 =



(3− 2)(4− 2)(5− 2) det

 1 3 + 2 32 + 3× 2 + 22

1 4 + 2 42 + 4× 2 + 22

1 5 + 2 52 + 5× 2 + 22

 =

(3− 2)(4− 2)(5− 2) det

 1 3 + 2 32 + 3× 2 + 22

0 4− 3 42 + 4× 2− 32 − 3× 2
0 5− 3 52 + 5× 2− 32 − 3× 2

 =

(3− 2)(4− 2)(5− 2) det

[
4− 3 42 + 4× 2− 32 − 3× 2
5− 3 52 + 5× 2− 32 − 3× 2

]
=

(3− 2)(4− 2)(5− 2) det

[
4− 3 42 − 32 + 4× 2− 3× 2
5− 3 52 − 32 + 5× 2− 3× 2

]
=

(3− 2)(4− 2)(5− 2) det

[
4− 3 (4− 3)(4 + 3) + (4− 3)× 2
5− 3 (5− 3)(5 + 3) + (5− 3)× 2

]
=

(3− 2)(4− 2)(5− 2)(4− 3)(5− 3) det

[
1 4 + 3 + 2
1 5 + 3 + 2

]
=

(3− 2)(4− 2)(4− 3)(5− 2)(5− 3)(5− 4) = 12.

(b) (20) Compute det B.

Solution. det B = 7 det A = 84.


