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Section 1.1

1. Let A :“ t k | k P N, k ď 20 u, B :“ t 3k ´ 1 | k P N u, and C :“ t 2k ` 1 | k P N u.
Determine the sets:

(a) AXB X C,

(b) pAXBqzC,

(c) pAX CqzB.

First give each set an explicit representation:

(a) A “ t1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20u,

(b) B “ t2, 5, 8, 11, 14, 17, 20, 23, 26, . . . u,

(c) C “ t3, 5, 7, 9, 11, 13, 15, 17, 19, 21, 23, . . . u.

Then we apply the set operations to get:

(a) AXB X C “ t 5, 11, 17 u,

(b) pAXBqzC “ t 2, 8, 14, 20 u,

(c) pAX CqzB “ t 3, 7, 9, 13, 15, 19 u.

7. For each n P N, let An “ t pn` 1qk | k P N u.

(a) What is A1 X A2?
A1 “ t 2k | k P N u and A2 “ t 3k | k P N u. Thus A1 X A2 “ t 6k | k P N u “ A5.

(b) Determine the sets
Ť

tAn | n P N u and
Ş

tAn | n P N u.
Ť

tAn | n P N u “ Nzt1u. For any natural number n greater than one we may con-
sider the set An´1 which must contain this n. However, there is no An containing
one.
Ť

tAn | n P N u “ H. For any natural number n the set An only contains elements
larger than n. Thus n cannot be in the intersection over all n P N.



9. Let A :“ B :“ tx P R | ´1 ď x ď 1 u and consider the subset C :“ t px, yq | x2 ` y2 “ 1 u
of AˆB. Is this set a function? Explain.

Proof. This set is not a function. If we consider x “ 0, then we see that both
p0, 1q and p0,´1q are in C. This violates the uniqueness conditions necessary for
functions. �

16. Show that the function f defined by fpxq :“ x{
?
x2 ` 1, x P R, is a bijection of R onto

t y | ´1 ă y ă 1 u.

Proof. First we check injectivity. Letting x, z P R such that fpxq “ fpzq we have:

x
?
x2 ` 1

“
z

?
z2 ` 1

,

x2

x2 ` 1
“

z2

z2 ` 1
,

`

x2
˘ `

z2 ` 1
˘

“
`

z2
˘ `

x2
` 1

˘

,

x2z2 ` x2
“ z2x2

` z2,

x2
“ z2,

x “ ˘z.

Supposing that x “ ´z, we must have that fpxq “ ´fpzq. Thus we may conclude
that x “ z, showing injectivity.

Next we check surjectivity. Let y P p´1, 1q and consider y?
1´y2

. We note first that

this value is real only when y P p´1, 1q. Evaluating f at this point we have:

f

˜

y
a

1´ y2

¸

“

y?
1´y2

c

´

y?
1´y2

¯2

` 1

“

y?
1´y2

b

y2

1´y2
` 1

“

y
a

1´ y2
1

b

1
1´y2

“

y
?

1´y2
?

1´y2

“ y,

showing that f is surjective onto p´1, 1q. �



Section 1.2

1. Prove that 1
1¨2
` 1

1¨3
` ¨ ¨ ¨ ` 1

npn`1q
“ n

n`1
for all n P N.

Proof. For n “ 1 we have that 1
1¨2
“ 1

2
“ 1

1`1
proving our base case. Now suppose

that our formula holds up to some natural number n. We then have:

1

1 ¨ 2
` ¨ ¨ ¨ `

1

npn` 1q
`

1

pn` 1qpn` 2q
“

n

n` 1
`

1

pn` 1qpn` 2q
“

npn` 2q ` 1

pn` 1qpn` 2q
“

n2 ` 2n` 1

pn` 1qpn` 2q
“

pn` 1qpn` 1q

pn` 1qpn` 2q
“

n` 1

n` 2
,

showing that our formula holds for n` 1 as well. This completes the induction. �

5. Prove that 12 ´ 22 ` 32 ` ¨ ¨ ¨ ` p´1qn`1n2 “ p´1qn`1npn` 1q{2 for all n P N.

Proof. For n “ 1 we have that 12 “ 1 “ 1 ¨ 1 ¨ 1 “ p´1q1`11p1 ` 1q{2 proving our
base case. Now suppose that our formula holds up to some natural number n. We
then have:

12
` ¨ ¨ ¨ ` p´1qn`1n2

` p´1qn`2pn` 1q2 “

p´1qn`1
npn` 1q

2
` p´1qn`2pn` 1q2 “

p´1qn`1
npn` 1q

2
` p´1qn`1p´1qpn2

` 2n` 1q “

p´1qn`1
ˆ

npn` 1q

2
` p´1qpn2

` 2n` 1q

˙

“

p´1qn`1
ˆ

pn2 ` nq ` p´2qpn2 ` 2n` 1q

2

˙

“

p´1qn`1
ˆ

n2 ` n´ 2n2 ´ 4n´ 2

2

˙

“

p´1qn`1
ˆ

´n2 ´ 3n´ 2

2

˙

“

p´1qn`1
ˆ

p´1q
n2 ` 3n` 2

2

˙

“ p´1qn`2
ˆ

pn` 1qpn` 2q

2

˙

showing that our formula holds for n` 1 as well. �



9. Prove that n3 ` pn` 1q3 ` pn` 2q3 is divisible by 9 for all n P N.

Proof. For n “ 1 we have that 13 ` p1` 1q3 ` p1` 2q3 “ 36 “ 9 ¨ 4 proving our base
case. Now suppose that n3 ` pn ` 1q3 ` pn ` 2q3 is divisible by 9 for some natural
number n. Concretely, let us say 9k “ n3 ` pn ` 1q3 ` pn ` 2q3 for some natural
number k. We then have:

pn` 1q3 ` pn` 2q3 ` pn` 3q3 “

pn` 1q3 ` pn` 2q3 ` pn3
` 9n2

` 27n` 27q “

n3
` pn` 1q3 ` pn` 2q3 ` 9pn2

` 3n` 3q “

9k ` 9pn2
` 3n` 3q “ 9pk ` n2

` 3n` 3q.

This shows that pn ` 1q3 ` pn ` 2q3 ` pn ` 3q3 is divisible by 9, completing the
induction. �

18. Prove that 1?
1
` 1?

1
` ¨ ¨ ¨ ` 1?

n
ą
?
n for all n P N, n ą 1.

Proof. For n “ 2 we have that:

1
?

1
`

1
?

2
“ 1`

?
2

2
“
?

2`
2´

?
2

2
ą
?

2,

proving our base case. Now suppose that this inequality holds up to some natural
number n. We then have:

1
?

1
` ¨ ¨ ¨ `

1
?
n
`

1
?
n` 1

ą
?
n`

1
?
n` 1

“

?
n
?
n` 1` 1
?
n` 1

ą
n` 1
?
n` 1

“
?
n` 1,

showing that our formula holds for n` 1 as well. �

19. Let S be a subset of N such that (a) 2k P S for all k P N, and (b) if k P S and k ě 2,
then k ´ 1 P S. Prove that S “ N.

Proof. First let n be some positive natural number, then we have that n ă 2n and
n ` 1 ě 2. We may use clause (a) to say that 2n P S and then repeatedly apply
clause (b) to say that n P S. Thus S “ N. �


