Matthew Thompson

Claim:

Let ¢(n) denote Euler’s totient function. Then, for any n with prime fac-
torization n = p{'ps? ... pom

we have that

p(n) =n
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Which can also be written as
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Proof:
First, we begin with expression (A)
expression (A):
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And the definition of a set G

Let G={ge (1,...,n): ged(n,g) #1}

Throughout the course of the proof, it will be shown that expression (A) is
equivalent to |G|

Let P,={x€(1,...,n): p; |z} where p; is a prime factor of n

Claim: G = U P,
i=1
Proof:

let g be an element of G, g € G
let d = gcd(g,n) #1
then d|gand d|n
asd|nandd#13pg € (p1,p2,-..,Pm) s.t. pa | d
pa | dand d | g shows pg | g
then g € Py

and g € OPZ»

i=1

i=1



m m
let x be an element of UPZ- , T € UR-
i=1 i=1
then AP, s.t. x € P,
asx € Py, py | x
pz 18 a prime factor of n
s0ps | n
as p; | © and p; | n then ged(z,n) > py #1
thus r € G

i=1

With G C U P; and also U P; C G then

i=1 i=1

Claim: The number of elements in the intersection of any number of P sets
is equivalent to the number n divided by each corresponding p.

| Pil ﬂpi2 ﬂﬂPZk | = n/p“pwplk

Proof:

Suppose x € Py, NP, N...N P,
then, pi, |, piy | 2, ..., i, | T
as Piy,- - -, Di, are all primes and thus relatively prime to each other,
PiyPis ---Piy, | @
T = P\ Piy - - - Pirq
but x <n
qDirDis - - - Pip, SN
q < n/pi,piy - - Diy
This shows n/p;, pi, - - . pi,, possible solutions for q
and therefore n/p;, i, - . . pi, possible values for x
S PyNP,N...NPy | = n/piDiy---Dix

We can now re-write expression (A) in terms of the size of sets of P



expression (B):

([P + [P + ... +|Pal)
—(|PiNP| + |PANPs| + ... +|PLNPp| +|PoNPs|+...4 |Ppo1N Pyl
+

-1 <| ne |>
=1

Here, we notice the grouping of sets of P in terms of how many possible
intersections there are.
Define sets of sets to describe this grouping

Lk:{PilmPiQH...ﬂPik}fOTk‘ = 1,...mcmdPikE(Pl,PQ,...,Pm)

In other words, that Lj is the set of all possible combinations of exactly k
distinct sets of P; intersected with each other.

Then, we can further simplify (B) to become

expression (C)

m ‘Lk|
S DS T il
k=1 i=1

where li ; is the © — th distinct element in Ly,

we now decompose every set I ; into | I ; | number of disjoint single element
subsets.
IPilﬁPi2ﬁ...ﬁP7;k‘
lhi = P,NP,N...0P, = U

=1

Spilmzmpik )

where Spnpiz---l’ik i= {spﬁpw”_pik’i} , where SpiyPiy-piy, i LS the i — th element of P, NP, N ...

As the single element sets are disjoint, then

|Pi1ﬂpi2ﬂ...ﬁpik| |Pi1ﬂPi2ﬂ...ﬂPik|
| lk7i ‘ = | P,nP,N...NF;, | = | U Spilpizmpik,i | = Z |sz‘1pi2-~1)ik7i
1=1 i=1

Substituting this in on expression (C) we get
expression (D)

‘Lk‘ |Pi1ﬁPi2ﬁ...mP,;k|

z_:(_l)k—HZ Z ‘Spilpz‘yupik‘j

k=1 i=1 j=1
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when (D) is expanded out, we get the following

(ISpral + [Spr2l +- -+ 1Sppl + [Spoal oo+ [Spopafl + - +1Sp,. P )
7(‘Sp1p211| + |Sp1p272| + ttt + ‘SP1P2,|P1QP2|| + |Sp1p371| + ttt + ‘Sp1p3,|P1ﬂP3|| + Tt + |Sp171717 Pm, |P7n—lmpml|)
+

+(_1)m+1(|sp1~~pM11| +.o. |Sp1'~~p'm| m;’;l P’i‘

However, every set S is a single element subset of G.Then, for an s in a particular
S

we have that s = g for some g € G

Define single - element disjoint subsets of G where

G;={g;} fori=1,... |G| where g; is the i — th element of G

we can group equivalent sets and then re-write the expanded form of (D) to
become

—(|G1] + |G1] + ..+ |G + |G| + ...+ |G| + .. |G| + ... + |G ig])
+

+<—1)m+1(‘G1| + ‘G1| +...+ |G1‘ + |G2‘ +...+ |G2| +‘G|G\| +...+ |G|G\D
which is

(61,1|G1| + 61,2|G2| +...4+ Cl,\G\|G\G||)
—(6271|G1| + 6272|G2| + ...+ CQ7|G‘|G‘G‘|)
+

+(71)m+1(cm71|G1| + Cm72|G2| +...+ Cm,\G\|G\G||)

and simplified to
expression (E)
G| m
DI Cobicile
i=1 k=1
where ¢ ; is the number of times that |G;| appears in the single element
disjoint subset decomposition of Ly



Define a pair of functions,

1 ifgesS
S,g) =
f1(S,9) {0 ifgds
fa(L,g) = filli,9) + ...+ fi(ljz, 9) where L is a set of sets and g € G
and l; is the i — th element of L

where S is a set of numbers, and g € G

then, we can say that cx; = fo(Lk ,gi)
expression (F)
|Gl m

DY (=D (L gi)

1=1 k=1

For any particular g; we can say that ged(n,g;) = p’fll ...p’g: is the prime
factorization.
Let Ly 4, be a subset of Ly which is all the sets in L, that contains g;

Lk,gi = {S € Ly : g; € S}
then, Li\Lg,g, is the set of sets in Ly that do no contain g;. So,
Ly,g, ULk\Lkg, = Lg

Take fo of both sides with respect to g;

J2(Li,g; U Lg\L. g,, 9i) = fo(Li, 9:)
and as Ly g, U L\ L4, = 0 then
Jo(Li,g;»9:) + fo(Le\Lk.g;, 9i) = fo(Lk, g:)
but, ¥S € Li\Lyq4, , g ¢ S, then
f2(Li\Lk.g,, 9i) = 0, and
Jo(Lk,g;»9i) +0 = fa(Lg, i)
fo(Li.g;5 9i) = fo(Lu, 9i)

If given a set of the intersection of exactly k number of P sets, P;, N FP;, N
...N Pikthen

g EP,NP,N...0P;, only if {pi,, - Pir} C{Pbys---Db.}
That is, from b, number of sets Py,, a set P;; N F;,N...NP;, can be constructed
by selecting
exactly k number of sets from {P,,..., P, } withge P, NP, N...NP;,
The number of potential sets P;, N F;, N...N P;, is equivalent to the com-
bination function of

C(by, k)



then

f2(Lg, gi) = C(br, k)

Continuing from expression (F)

|Gl m
ZZ(—l)th(Lk,gz)
=1 k=1
|G| m b,
Z( > (=D oLy gi) + ) ( 1)k+1f2(Lk,gz)>
=1 \k=b,+1 k=1
|G| b,

expression (G)

Claim: C(a+1,b) = C(a,b) + C(a,b—1)
Proof:



al al
Ba—b)! T h=Dla—b+1)
a! a!
T -Dla—b)! " (ariltb)b-Dl(a—b)

C(a,b) + C(a,b—1) =

B (b—l)a('a—b ( a+1—b>

a! a+1-0 b
= =Dl a—b) (b(a+1b)+b(a+1 b)

:(b—l)(!L(!a ( a(rrll—b)
(a+1)a'

" b(b—1)(a+1—b)(a—Db)
(a+1)!
bl(a+1—b)!

=C(a+1,b)

Claim: Z(—l)iHC(a,i) =1 for any a

=1

Proof:

Z D C(a,i) =C(a,1) - C(a,2) +C(a,3) + ...+ (=1)*C(a,a — 1) + (=1)*T'C(a, a)
;( Cla—1,00+C(a—1,1)) — (Cla—1,1)+C(a—1,2)) + (C(a—1,2)+C(a—1,3)) —
+(=1D)C(a—1,a—2) +Cla—1,a — 1)) + (=1)*"(C(a, a))

=C(a—1,0)+(C(a—1,1) = C(a—1,1)) + (Cla—1 2) Cla—1,2)) +
+(=1)*Cla—1,a = 1) + (=1)*"'C(a,
=C(a—1,00+(-1)*Cla—1,a—1)+ (- )““C’(a a)
St (1) (1) + (1) (-1)(1)
S0+ (1) (-1
=1+ 0
=1

From expression (G)



IGl b,

SN (=1)FC(b,, k)
1=1 k=1
by

but > (=1)*C (b k) = 1
k=1

G|

Z 1
=1

expression (H)

|G|

we have that (A) = (H).

The totient function, ¢(n) is the number of integers less than or equal to n
that are relatively prime to n

As G is the set of numbers that are less than or equal to n that are not
relatively prime to n, then

p(n) + |Gl =n
p(n) =n—|G|
And finally
p(n) =n
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Summary of Proof
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=(|P| + [P| + ... +|Pgl)
—(|PiNP| + |PANPs| + ... +|PiNPp| +|PoNP3|+...4 |Pp_1N Pyl
+

H-nym <| ne |>

| Ll

— Z(_l)k+1 Z Ilk,i

|Lg| |PiyNPiyN...NP;, |

= Z(_l)k—H Z Z |Spi1pi2--~pik1j

k=1 i=1 j=1
Gl m
= Z(—l)k—i_lckﬂ‘lGﬂ
=1 k=1
|Gl m
= Z(—l)k+1f2(Lk79¢)
=1 k=1
IGl b,
= (—=1)**1C(b,, k)
=1 k=1
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