
March 28, 2019 Homework 6 due April 11, 2019
Solutions

1. Let a, n be positive integers with gcd(a, n) = 1. Show that there is an integer k such that
a · ak ≡ 1 (mod n).

Solution. Consider the sequence a, a2, . . . , am, . . . and write am = qmn+rm, 0 ≤ rm < n.
Clearly elements of the sequence r1, r2, . . . , rm, . . . repeat themselves. Let m′ < m′′ be
indices such that rm′ = rm′′ . In this case (qm′′ − qm′)n = am

′′ − am′
= am

′ (
am

′′−m′ − 1
)
.

Since gcd(a, n) = 1 one has n|(am′′−m′−1), or am
′′−m′ ≡ 1 (mod n). With k = m′′−m′−1

the last identity becomes a · ak ≡ 1 (mod n).

2. If gcd(n,m) = 1, then ϕ(n)ϕ(m) = ϕ(nm).

Solution. For 0 ≤ a ≤ nm−1, a = qnn+rn, 0 ≤ rn < n and a = qmm+rm, 0 ≤ rm < m
the mapping f(a) = (rn, rm) is a bijection. If 0 ≤ a < nm − 1, a = qnn + rn, and
a = qmm+rm, then the result follows from the fact that gcd(a,mn) = 1 iff gcd(rm,m) = 1
and gcd(rn, n) = 1.

3. Show that if n > 2, then ϕ(n) is even.

Solution. The numbers k with gcd(n, k) = 1 can be paired with n−k, and gcd(n, n−k)) =
1.

4. Let n be a positive integer with no square factors (except 1). Show that for each 0 < a < n
and 1 ≤ k one has [a]kn 6= [0]n.

Solution. Note that n = pα1
1 · · · pαm

m , with prime pi and αi ≥ 1. Lack of square factors
yields α1 = · · · = αm = 1, and n = p1 · · · pm. If [a]kn = [0]n, then n|ak and pi|ak,
i = 1, . . . ,m. This yields pi|a, i = 1, . . . ,m, and a = q ·p1 · · · pm = qn. This contradiction
completes the proof.

5. True or False? If a|b, then ϕ(a)|ϕ(b).

Solution. Let b = pα1
1 . . . pαn

n and a = pβ11 . . . pβnk be prime factorizations of b and a
(rearranged as needed). Note that k ≤ n, and 1 ≤ βi ≤ αi, i = 1, . . . , k, and

ϕ(b) = b

(
1− 1

p1

)
. . .

(
1− 1

pn

)
while ϕ(a) = a

(
1− 1

p1

)
. . .

(
1− 1

pk

)
.

6. True or False? If b = ac, then ϕ(b) = ϕ(a)ϕ(c).

Solution. If b = 24, a = 2, c = 12, then

a) ϕ(24) = 24
(
1− 1

2

) (
1− 1

3

)
= 8,

b) ϕ(2) = 2

(
1− 1

2

)
= 1, and ϕ(12) = 12

(
1− 1

2

)(
1− 1

3

)
= 4.



7. Compute
∑
d|n

ϕ(d) for n = 12 and n = 18.

Solution.

a)
∑
d|12

ϕ(d) = ϕ(1) + ϕ(2) + ϕ(3) + ϕ(4) + ϕ(6) + ϕ(12) = 1 + 1 + 2 + 2 + 2 + 4 = 12,

b)
∑
d|18

= ϕ(d) = ϕ(1) +ϕ(2) +ϕ(3) +ϕ(6) +ϕ(9) +ϕ(18) = 1 + 1 + 2 + 2 + 6 + 6 = 18.

8. What can be concluded based on results of Problem 7?
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