April 11, 2019 Homework 7 due April 25, 2019
Solutions

1. True or False? If o, 7 € S, then o7 = 70.

(123 (123
=\3 921 /) *M7T=1 31 92)"
(123 dor_ (123
To=| g9 1 g )sandor={, o o).

2. If s1, s9, s3, and s4 are distinct, then

Solution. Let

Note that

(82, 83)(s1,84) = (1, 84) (82, 83), and (sg, s3)(s1, S3) = (81, S2) (82, S3).

Solution. Since sq, $9, s3, and sy are distinct the cycles (s, s3) and (sq, s4) are disjoint.
This yields the first result. Let o be defined as

S92 if s = S1
o(s) =< s3 ifs=sy
sy if s = s3

Note that (s2,$3)(s1,53) = 0 = (81, S2)(S2, S3)-

3. Let o0 = ( ; ; i’ ) . Represent o as a product of transpositions.

Solution. First note that any 7 € .S is a transposition. It suffices then to find a transposi-

tion 0 so that 6(¢(3)) = 3. If 6 = (1,3), then §-0 = ( ; ? 2 ) , and (1,2)(1,3)0 = (1),

or o = (1,3)71(1,2)"! = (1,3)(1,2).
4. Note that (1,2) is an odd permutation. Indeed (1,2)(1,2) = (1). If ¢ is a cycle of length

3, and o € S5, then 7 = (3,0(3))o is a cycle of length 2, hence 7 is an even permutation.
This shows that ¢ is an odd permutation. Show that

a) if o € Sy, is a cycle of length 2n, then ¢ is an even permutation.

b) if ¢ € So,41 is a cycle of length 2n + 1, then ¢ is an odd permutation.

Solution. The claim is false as stated. However if “even” and “odd” are interchanged in
a) and b) above it becomes true. Indeed, note that the statement holds true for o € S,.
Assume that the statement holds true for any o € Sy. If 0 = (s1,..., 85, k+ 1) is a cycle
in Sky1, then 7 = (k+1,51)0 = (s1,...,5;). This shows that the statement holds for the
cycle o, and completes the proof.



5. Let k < n. If (1,...,k) is a cycle of length k in S,,, and o is a cycle of length k in S,

then there is a transposition 7 so that To77! = (1,..., k).

Solution. Let
. S1 ... Sk tl tn—k . St ... Sk tl tn—k
a_<82 o St tl tn_k)’andT_(l k k+1 n )
A straightforward computation shows that 7o77! = (1,... k).

6. Let k < n, and o,, € S, such that 0,,(i) = ¢ when i > k. We shall say that o, is associated
with o}, € Sy in the obvious way if ox(i) = 0,(i), i = 1,...,k. For o,, 7, € S, define
Op ~ Tp if 0,71 € S). For a given o, € S, describe all 7, € S, so that 0,7, € Si.

Solution. Let 7, be a permutation so that 7,! maps {k + 1,...,n} to {o;'(k +
1),...,0,'(n)}. Note that for i € {k+1,...,n} one has

6@ e {o (k+1),...,0,'(n)}, and 0,7, ' (i) € {k+1,...,n}.

Hence 0,7,,;' € Sy in the obvious way.

On the other hand, if 7,7'(j) = 0,,;1(7) for k+1 < j <n, and 1 <i <k, then

on (1,1(9)) = on (0,1 (0)) = 14,

and 0,7, ! € S} in the obvious way.

n



