
Project, due date: Sunday, May 19, 2019

1. Let n ∈ N. True or False? There exists m ∈ N such that m > n and S(n) > m.

2. Let ai ≥ 0, i = 1, . . . , n, An =
1

n
(a1 + · · ·+ an), and Gn = (a1a2 · · · · · an)1/n. Show that

a) G2n ≤ A2n , n = 1, 2, . . . .

b) Gn ≤ An.

3. Let gcd(a, b) = 1. True or False? For n > 1 one has gcd(an, b) = 1.

4. Find all solutions x, y for the equation ax+ by = c, where a, b, c, x, y ∈ Z.

5. If gcd(n,m) = 1, then nϕ(m) +mϕ(n) ≡ 1 mod nm.

6. a) Let r, n be integers. Show that 1 + r + · · ·+ rn =

 n+ 1 if r = 1,
rn+1 − 1

r − 1
if r 6= 1.

b) Let p, n be integers. If p is a prime, then pn = ϕ(1) + ϕ(p) + ϕ(p2) + · · ·+ ϕ(pn).

c) Let n be an integer. Show that
∑
d|n

ϕ(d) = n.

7. If n > 1, then the sum of all positive integers less that n and relatively prime to n is
nϕ(n)

2
.

8. Note that for n = 2 the set Sn equipped with composition becomes a cyclic group, indeed
for σ = (1, 2) one has σ2 = (1), and Sn = {σ, σ2}. True or False? Sn is a cyclic group
when n > 2.

9. Let G be a finite group, and n > 2. Let An be the set of elements of G that have order
n. True or False? |An| is an even number.


