MATHA430/603
Final, 05/14/15

Total 100
Solutions
Show all work legibly.
1. (40) Let {ui,...,u,} and {vy,...,v,} be two sets of linearly independent vectors in R™.

(a) (20) True of False? For each i there is a vector w; so that v;fpwi = 0ij.
Solution. Let w; € span{vi,...,Vi_1,Vit1,...,Vp}. Sincev; & span{vi,...,Vi_1,Vit1,...,Vp}
one has vZ-Twi = 0. Appropriate normalization of w; completes the proof.
Mark one and explain.

o True o False

(b) (20) True of False? The matrix A = Z w;v! is invertible.
i=1
Solution. Let w; € R" such that VJ-TWZ- = d;;. Note that the vector set {wi,...,w,} is

linearly independent, and Aw; = u;.
Mark one and explain.

o True o False

2. (20) Let A be an n X n matrix such that dim N(A) = n — 2. True of False? There are vectors

uy, ug and vy, vg such that A = ulv{ + ugvg.

Solution. dim N(A) = n — 2 implies dim R(A) = 2. Suppose A = [aj,...,a,], and R(A) =

1
0
span{aj,as}. Note that a; = c¢j;a; + ca2, 1 =3,...,n. Weset uy = aj, ug =ag, v1 = | c13 |,
Cln
0
1
and v9 = | ca3 |, and the result follows.
Con

Mark one and explain.

o True o False



3. (20) Let A and B be two n x n matrices such that A = A%, B = B? and AB = BA = 0.

(a) Compute C' = g [A+ B][AB] (here [AB] is an n X (2n) matrix with the first n x n block
being A, and the second one B).

Solution.
A
B

(b) (20) True or False? rank C' = rank A + rank B?

[A+B][AB]:[§][AB]:[ﬁ g}

Solution. See (a) above.

Mark one and explain.

o True o False

(¢) (20) True or False? rank l B

A ] [4 B] = rank[A B]?

Solution. Note that

rank lg 1 [A B] = rank [A B] — dim (N[g ]ﬂR[AB]).

Ifxe N g N R[A B], then 0 = Ax = Bx, and there are y1, y2 so that x = Ay; + Bys.
This yields

0 = Ax = A(Ay1 + By2) = Ayi, and 0 = Bx = B(Ay; + Bys) = Bysy; i.e. x=0.

Mark one and explain.

o True o False
(d) (20) True or False? rank[A B] = rankA + rankB.

Solution. Let A = [ay,...,ak,ak41,...,8,], and B[by,...,b;, byyq,...,by,] with first k£ and

[ columns of A and B respectively being linearly independent. Note that
ca; +...+cgap +dibi1 +...+dib; =0

yields
0=A(c1a; + ...+ ckag + dib1 + ...+ dib)) = a1 + ... + crag,

and

0= B(cia; + ...+ cgar +diby + ...+ d;b;) = dib; + ... + dib;.



Mark one and explain.

o True o False

(e) (20) True or False? [ é ] [A+ B] = [ g ]

Solution. Straightforward computation.

Mark one and explain.

o True o False

[A+ B|[AB] = rankA + rankB.

(f) (20) True or False? rank l g

Solution.

Mark one and explain.

o True o False

L1 Y1
4. (20) Let x = | ... |, ¥y = | ... |. Denote maxy; by ¥, and miny; by y. True or False? If
(2 (2 -

Tn Yn
n
Zx,; =0, then
=1
xTy| <Ixl, 7 - y).
Solution. Note that
r1y1+Toyet. . A xpyn = — (ot . AT y1+xoye+. . ATnyn = x2(y2—y1)+x3(ys—y1)+- - A Tn(Yn—1y1)

Hence

7y| < lzallys =gl + -+ zallyn = 11| < J2al@ =) + -+ |aal G — ) < [xL (T - p).

Mark one and explain.

o True o False



