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Solutions

Show all work legibly.

1. (40) Let {u1, . . . ,un} and {v1, . . . ,vn} be two sets of linearly independent vectors in Rn.

(a) (20) True of False? For each i there is a vector wi so that vT
j wi = δij .

Solution. Let wi ∈ span{v1, . . . ,vi−1,vi+1, . . . ,vn}. Since vi 6∈ span{v1, . . . ,vi−1,vi+1, . . . ,vn}

one has vT
i wi 6= 0. Appropriate normalization of wi completes the proof.

Mark one and explain.

True False

(b) (20) True of False? The matrix A =
∑
i=1

uiv
T
i is invertible.

Solution. Let wi ∈ Rn such that vT
j wi = δij . Note that the vector set {w1, . . . ,wn} is

linearly independent, and Awi = ui.

Mark one and explain.

True False

2. (20) Let A be an n × n matrix such that dim N(A) = n − 2. True of False? There are vectors

u1, u2 and v1, v2 such that A = u1v
T
1 + u2v

T
2 .

Solution. dim N(A) = n − 2 implies dim R(A) = 2. Suppose A = [a1, . . . ,an], and R(A) =

span{a1,a2}. Note that ai = c1ia1 + c2ia2, i = 3, . . . , n. We set u1 = a1, u2 = a2, v1 =


1
0
c13
. . .
c1n

,

and v2 =


0
1
c23
. . .
c2n

, and the result follows.

Mark one and explain.

True False



3. (20) Let A and B be two n× n matrices such that A = A2, B = B2, and AB = BA = 0.

(a) Compute C =

[
A
B

]
[A+B][AB] (here [AB] is an n× (2n) matrix with the first n× n block

being A, and the second one B).

Solution. [
A
B

]
[A+B][AB] =

[
A
B

]
[AB] =

[
A 0
0 B

]
.

(b) (20) True or False? rank C = rank A+ rank B?

Solution. See (a) above.

Mark one and explain.

True False

(c) (20) True or False? rank

[
A
B

]
[A B] = rank[A B]?

Solution. Note that

rank

[
A
B

]
[A B] = rank [A B]− dim

(
N

[
A
B

]⋂
R[A B]

)
.

If x ∈ N
[
A
B

]⋂
R[A B], then 0 = Ax = Bx, and there are y1, y2 so that x = Ay1 + By2.

This yields

0 = Ax = A(Ay1 +By2) = Ay1, and 0 = Bx = B(Ay1 +By2) = By2; i.e. x = 0.

Mark one and explain.

True False

(d) (20) True or False? rank[A B] = rankA+ rankB.

Solution. Let A = [a1, . . . ,ak,ak+1, . . . ,an], and B[b1, . . . ,bl,bl+1, . . . ,bn] with first k and

l columns of A and B respectively being linearly independent. Note that

c1a1 + . . .+ ckak + d1b1 + . . .+ dlbl = 0

yields

0 = A(c1a1 + . . .+ ckak + d1b1 + . . .+ dlbl) = c1a1 + . . .+ ckak,

and

0 = B(c1a1 + . . .+ ckak + d1b1 + . . .+ dlbl) = d1b1 + . . .+ dlbl.



Mark one and explain.

True False

(e) (20) True or False?

[
A
B

]
[A+B] =

[
A
B

]
.

Solution. Straightforward computation.

Mark one and explain.

True False

(f) (20) True or False? rank

[
A
B

]
[A+B][AB] = rankA+ rankB.

Solution.

Mark one and explain.

True False

4. (20) Let x =

 x1
. . .
xn

, y =

 y1
. . .
yn

. Denote max
i
yi by y, and min

i
yi by y. True or False? If

n∑
i=1

xi = 0, then ∣∣∣xTy
∣∣∣ ≤ |x|1 (y − y).

Solution. Note that

x1y1+x2y2+. . .+xnyn = −(x2+. . .+xn)y1+x2y2+. . .+xnyn = x2(y2−y1)+x3(y3−y1)+. . .+xn(yn−y1)

Hence

∣∣∣xTy
∣∣∣ ≤ |x2||y2 − y1|+ . . .+ |xn||yn − y1| ≤ |x2|(y − y) + . . .+ |xn|(y − y) ≤ |x|1(y − y).

Mark one and explain.

True False


