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Tensors and Their
Decompositions

Tensor Tutorial @ SDM18

(:J&m )
Netional 4\ [
Iaboratories "

Kolda & Bader 2009

A Tensor is an d-Way Array
Vector Matrix 3rd-Order Tensor 5th-Order Tensor
d=1 d=2 d=3 d=5
4th-Order Tensor
d=4
X X
5/4/2018 Tensor Tutorial @ SDM18
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Two Points of View

From Matrices to Tensors: @%h‘

Singular value decomposition (SVD),
eigendecomposition (EVD),
nonnegative matrix factorization
(NMF), sparse SVD, CUR, etc.

Viewpoint 1: Sum of outer products,
useful for interpretation

CP Model: Sum of d-way outer products,
useful for interpretation

2. &

z” +|] +...+[|

CANDECOMP, PARAFAC, Canonical Polyadic, CP

Viewpoint 2: High-variance subspaces,
useful for compression

%DDI:

Tucker Model: Project onto high-variance
subspaces to reduce dimensionality

%Dﬁﬁ

HO-SVD, Best Rank-(Ry, R,, ..., R;) decomposition

Other models for compression include

hierarchical Tucker and tensor train.
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Introducing the CP Decomposition
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Sum of Outer Products

CP Tensor Decomposition:

g /

Ny X ng X X iy

Factor

5/4/2018 Tensor Tutorial @ SDM18

Goal: min };(x; — m;)? subject to M having “CP structure”

What does CP mean?

Bell Labs Bell Labs

Frank L. Hitchcock
MIT Professor Richard A. Harshman

J. Douglas Carroll Jih-Jie Chang

(1939-2011) (1927-2007)

(1875-1957) Univ. Ontario |
(1943-2008)
5/4/2018 Tensor Tutorial @ SDM18

Polyadic form of a tensor,
Hitchcock, 1927

CANDECOMP or CAND
(Canonical Decomposition),
Carroll and Chang, 1970

PARAFAC (Parallel Factors),
Harshman, 1970

CP: CANDECOMP/PARAFAC
= Proposed by Kiers 2000
CP: Canonical Polyadic

= Reverse-engineered circa
2010 by Comon et al.

5/4/2018
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Motivation: CP for Mouse Neural
Activity

Alex Williams

A. H. Williams, T. H. Kim, F. Wang, S. Vyas, S. I. Ryu, K. V. Shenoy, M. Schnitzer, T. G.
Kolda, S. Ganguli. Unsupervised Discovery of Demixed, Low-dimensional Neural
Dynamics across Multiple Timescales through Tensor Components Analysis. bioRxiv,
2017. https://doi.org/10.1101/211128 (accepted to Neuron)
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Motivating Example:
Neuron Activity in Learning

One Trial
300 neurons X 120 time bins

Thanks to Schnitzer Group @ Stanford
Mark Schnitzer, Fori Wang, Tony Kim

Microscope by

Inscopix
One Column g
of Neuron x [
mouse | tivit Time Matrix 3
in “maze” neural activity /
=
- w

time —
X 600 trials (over 5 days)

Williams, Ganguli, Kolda, et al. 2017

5/4/2018 Tensor Tutorial @ SDM18
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Trials Vary Start Position and O |
. Laboratories 1/ b
Strategies 9
trial #1 trial #50 trial #100
[N —— [M./\-—.—
NSNS —— T — —N e _p—
AN P — AN
— e, —— —a
R S ——"— — S ——
—_—— PR, — s
\ Sy Vel
7] —— N N &
| A
O A~
3 —
£| T note different patterns on curtains
——~ |
time bins %
. Allocentric Condition Egocentric Condition
* 600 Trials over 5 Days e.g. go south e.g. turn right
e Start West or East
* Conditions Swap Twice ] [ 1 —1 [ ¢
% Always Turn South
% Always Turn Right
«»* Always Turn South
Williams, Ganguli, Kolda, et al. 2017
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CP for Simultaneous Analysis of @i
Neurons, Time, and Trial "

trial #1 trial #50 trial #100
A R (S “~~~~" Canonical Polyadic (CP) decomposition
AN~ — N
AN —— AN N

neuron factors

N, —— —_— S . . -
TR | ===|-- | =~~~ high-dimensional { within-trial factors
—_—— P ——r neural data agrossitial faciors

\’f/—_"

e ~ + +

’/
KV

neurons

time bins
Past neuron-level work could only look at 2 factors at once: Time x Neuron or Trial x Neuron

Prior tensor work in neuroscience for fMRI and EEG: Andersen and Rayens (2004),
Mgrup et al. (2004), Acar et al. (2007), De Vos et al. (2007), and more

Williams, Ganguli, Kolda, et al. 2017

5/4/2018 Tensor Tutorial @ SDM18 12



Tensor Tutorial @ SDM18 5/4/2018

8-Component CP Decomposition QN
of Mouse Neuron Data

5/4/2018 Tensor Tutorial @ SDM18 13

8-Component CP Decomposition QR
of Mouse Neuron Data '

Neuron Time Triaf (oral reen = start easvivest; cifciés3guare = ena Sormiiriourr; nifiga = correcy)

. 9 ST, gt~ i
0 100 200 0 50 1000 100 200 300 400 500 600
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8-Component CP Decomposition LR
of Mouse Neuron Data

5/4/2018 Tensor Tutorial @ SDM18

8-Component CP Decomposition QR
of Mouse Neuron Data
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8-Component CP Decomposition QN
of Mouse Neuron Data

5/4/2018 Tensor Tutorial @ SDM18

Tensor Background
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Sandia
National | [
. . laboratories /"
Working with Tensors
“Modes” 6/.9/.5 “Frontal Slices”
3 B9 ) ;
2 0.3 09 0.1
/.5/.6 /.4 X(,:1)= ({08 02 0.1
1 88/2/.1 _0.4 0.3 0.9_
“Order” = Number A A4 A0/ _06 0.9 05_
of Modes or Ways 4 /3 /9 X(::52)= 105 06 0.4
0.1 04 0.1
d=3 X - -
“Size” This is how it’s displayed in MATLAB.
Ty X Nz X Ny
3x3x2
The term “dimension” is overloaded and may be confusing.
5/4/2018 Tensor Tutorial @ SDM18 25

Indexing a 3D Tensor

We use 1-based indexing throughout this talk to be consistent with MATLAB.

Tensor Fibers
/69,5 Tensor Elements
BP9l z(1,1,1) = 0.3 /
2(2,1,1) = 0.8 o
2(1,1,2) = 0.6 Lﬁi}f/
LU
v /1 .’1,‘(3, 2’ ]‘) =03 Mode-1 Fibers i Mode-2 Fibers Mode-3 Fibers
: i3 [
LErii, x(:,1,1) = .8] x(1;1,:) = 2]
X -4 L
3
x(1,:,1)= 1.9
1
5/4/2018 Tensor Tutorial @ SDM18 26
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Vectorizing a 3D Tensor
(or How It’s Stored in Memory!)

o
NS
L

ny X ng X ng

5/4/2018
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(t1,t2,13) = 1" = (i3 — L)ngni + (i2 — 1)ny + 1

Ordering

1013 /16

This is MATLAB’s default order.
It may not be everyone’s.

Unfolding a 3D Tensor

@ Sandia ok
Laboratories 1/

3
, /6/9/5
200
1
5,644
8/2/.1
1/4 /1
4/3/9
X

g X g X N3

Unfolding also known
as “matricization”.

5/4/2018

(7:17 i21 i3) — (7:1': 1’1)=

0.3 0.9
0.8 0.2
0.4 03

0.1 06 0.9
0.1 0.5 0.6
0.9 01 04

0.5]
0.4
0.1)

’15’1 = ('Lg = 1)1’12 + ig

1 X Nang

(i15i25i3) = (T;Qsié)a

(0.3 0.8

Xp@y= 109 02

0.1 0.1

04 06 0.5
0.3 09 0.6
09 05 04

7,’2 == (13 — 1)711

0.1]
0.4

0.1

+ 11

Mo X N1Ng

(i19i23i3) — (i33"’:l’3)7

X3 = [

i‘,é = (1‘,2 = 1)711 + il

03 08 04 09 02 03 01 01 09
06 05 01 09 06 04 05 04 0.1

ng X 1ning

|

Tensor Tutorial @ SDM18
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Working with d-way Tensors

Size: 7] X Mg X -+ X Ny

L . “multiindex”
Single Element:  x(%1,%2,...,i4) or ~

Set of All Indices: 7 = {EE (ilai%“':id) ‘ i € {L"':nk} for k = 17-‘-1d}

Total number of
elements in the tensor:

Geometric mean of the sizes: n =

d
[In
k=1

d d
1 d
Arithmetic mean of the sizes: 7. = — Z ng |I‘ - H g ="n
di— k=1
5/4/2018 Tensor Tutorial @ SDM18 29

Vectorizing a d-way Tensor

Order: d

Size: Ny X ng X - X Ng

“subscripts” “linear index”

(i1,%2,--.,0q) €T =i € {1,...,n%}

d
i =1+ (ix — 1)n,
k=1

See MATLAB commands:
tt_sub2ind, tt_ind2sub

5/4/2018 Tensor Tutorial @ SDM18 30
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Example: Ordering of Elements O
° Laboratories Q
in a 4D Tensor £
4t_order tensor of size 3 X 4 X 3 X 2
3
‘ >2 55 /38 /31 /31 61 /64 /67 /70,
1 13 /16 /19 /22 49 /52 /55 /58 /
=4 1/4 /7 /A0 37 /40 /43 /46
27 /30 /3B /36 /63 /66,/6p /72
/15 /18 /21 o4 51 /54 /57 160/
3/6 /9 /13 39 /42 /45 /48
Xl nisxd) Kl )
5/4/2018 Tensor Tutorial @ SDM18 31

Unfolding a d-way Tensor

Matricization or Unfolding: Rearrange d-way array into 2-way array.

1 Xw

Size: M1 X Mg X -+ X ng  Size:r Ng X (n®/ny,)

Mode-k unfolding:  (iy,i2,...,%q) = (ik,%})

k—1 d k-1
=1+ (ig—Dnj+ > (ie — 1)(np/ng) i =[] 7
=1 =1

{=k+1

i€ {1l,...,n%ng}

5/4/2018 Tensor Tutorial @ SDM18
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Unfoldmg a 4D Tensor

; block size = n;, X n’, (=

Note th tt | nh = T nx
#b.ocksznd,nkn;{ i=IIm
1 4 o 13 1 64| [67 [70
Xy = 65/ (68 |71
2 15 66/ |69 |72
1 2 3|13 14 15 27| [37 38 39| [49 61 62 63
4 5 6116 17 18 28 29 300 140 41 42 |52 53 54 64 65 66
7 8 9|[19 20 21/|31 32 33|43 44 45|55 56 57| |67 68 69
10 11 121122 23 24 |34 35 36 146 47 48 |58 59 60 (70 71 72
1 2 3 4 5 6 7 8 9 10 11 12|[37 48
X@= |13 14 15 16 17 18 19 20 21 22 23 24 |49 60
25 26 27 28 29 30 31 32 33 34 35 36|61 79
s 1 2 3 4 5 6 31 32 33 34 35 36
@~ 137 38 39 40 41 42 67 68 69 70 T1 T2

Patterning: Battaglino, Perros, Sub, & Vuduc 2015; Austin, Ballard, & Kolda 2016

Tensor Tutorial @ SDM18

5/4/2018

M=ajobjoc; +azobyocy+---

aj

m(il, 7;2"'53

az

a,

Z 317 12, ) (%33.7)

Bader & Kolda 2007

Tensor Tutorial @ SDM18

+a,ob,o0c,

5/4/2018
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Vector Outer Product

Outer product of 2 vectors

= rank-1 matrix ‘_;b_m

X =abT

X =aob

3

x(ihig) =a(z’1)b(z’2) men

Outer product of 3 vectors %7’
= rank-1 tensor of order 3

b
X =aocboc x a

w(i1,i2,i3) = a’(il)b(iz) C(i3) mXnxp

5/4/2018 Tensor Tutorial @ SDM18 35

Ktensor: Sum of Outer Products

C1 C2 (&

VA T A A
B + +ot
M
aj ag a,

M=a;objoc;+azobyoce+---+a,ob,o0c,

Bader & Kolda 2007

5/4/2018 Tensor Tutorial @ SDM18 36
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Vector Kronecker Product

a(1) b(1)
a(1) b(2) |]
a(l)b E ” B
el PO b
a®b = : = a
e e a(m) b(1)
Enn) Y a(m) b(2)
a(mj b(n)
Associative: (a®@b)®@c=a® (b®c)

5/4/2018 Tensor Tutorial @ SDM18 37

Connection between Kronecker —
Product and Outer Products

X =aob <:> vee(X)=b®a

X =aoboc <:> vee(X) =c®b®a
X =a(c®b)
X =b(c®a)
X3 =c(b®a)

X=ajcago---o0ay <::‘>vec(X)=ad(g)...®a1
X(k) :ak(ad®..-®ak+1®ak71®...®a1)r

5/4/2018 Tensor Tutorial @ SDM18 38
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Khatri-Rao Product

Columnwise-Kronecker Product

AeB=[a(;1)®@b(;1) a(;,2)®b(;2)

mxr nxr mnxr

Input two matrices with same number of columns

a(;,r) ® b(:,r)]

s | -

A B

5/4/2018 Tensor Tutorial @ SDM18

Ktensors and Khatri-Rao

My =ai(ci ®by) +ax(co®@by) + -

M) = [a1 a,| [c1 @by

Products
C1 C2 (&
VA T A A
B + +ot
M
aj ag a,

M=ajobjoc;+asobyeco+---+a,ob,o0c,

: + ar(cr ® b'r)l

cr ® br]’

A (CoB)
M) = A(CoB)

Bader & Kolda 2007

5/4/2018 Tensor Tutorial @ SDM18
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Ktensor Unfoldings

(]

/b

C2

VA

by

+

aj

ag

M) = A(C & BY
M(g) =B(Co A)’
M(3) =C(B® A)’

+

Factor Matrices
A=|aay--a]
B=[bibyb,]
C=[eica-+ ¢

P

’ d-way case M(k:) = A, (Ad ORER @Ak+1 QAL 100 Al)f

Bader & Kolda 2007

5/4/2018 Tensor Tutorial @ SDM18
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Ktensor: Shorthand

C

"

C2

+

aj

az

M = [A. B, C]|

‘ d-waycase M =[Aq,Aq....,A4]

Y

Bader & Kolda 2007

5/4/2018 Tensor Tutorial @ SDM18

42
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Scaling Ambiguity

5/4/2018

'/ bl l/ b2 /:I br
- + ot
aj ag ar

M=a;objoc;+azobsoca+---+a,ob,oc,
M=aj;o2bjolle; +asobsocy+---+a,ob,0c,
M=XAajocbjoc;+Aasobsocyg+---+ A, a,0ob.0c,

Require all factors (i.e., columns of the factor matrices) to have unit norm, e.g., ||la;|| = 1

Fixed by ktensor/normalize function.
M=[AAAs, ..., Ag]
Bader & Kolda 2007

Tensor Tutorial @ SDM18

43

Permutation Ambiguity in

5/4/2018

Ktensor
C1 C2 (&
VA T A A
B + +ot
M
aj ag a,

M =[A1, Ao,...,Ag] = [AIL AT, ..., A II]

where ITis a p X p permutation matrix.

Tensor Tutorial @ SDM18

5/4/2018
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Tensor Inner Product & Norm

e B

1 N2 Tbd

@Y= > alinis--.,ia)y(is, v,

..,ydl)

‘?:1 =1liz=1 idzll \ /
Shorthand: (DC,H) = Zﬁfiyi

i€l

(X, Y) = vec(X)Tvec(Y)

)% = (2, X) =)t

€T

5/4/2018 Tensor Tutorial @ SDM18
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Matrix Hadamard Product

Input two same-sized matrices

a(1,1)b(1,1)  a(1,2)b(1,2) a(1,n)b(1,n)
a(2,1)b(2,1)  a(2,2)b(2,2) (2,m)b(2,n)
AxB= . ) ;
a(m, 1)b(m,1) a(m,2)b(m, 2) a{m,n)b(m,n)
5/4/2018 Tensor Tutorial @ SDM18
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Properties of Khatri-Rao Product

Sandia
National

Laboratories /="

(A®B)oC=AcBoC)

(A®B)T(A®B)=(ATA «BTB)

mxr nXr rXr rXr

(A®B) = (ATA*B™B)(A @ B)T

mnxXr rXr mnXxr

Moore-Penrose Pseudo-Inverse

5/4/2018 Tensor Tutorial @ SDM18

47

MTTKRP: Matricized-Tensor
Times Khatri-Rao Product

Sandia
National

e P

Tensor of sizeny Xny X -+ Xng: X

Matrices of sizeny xrfork =1,...,d: Ay,..., Ay

Matricized Tensor
Khatri-Rao Product
ng X r /

l

B:X(k) (Ag©@ QA1 OAR 1@ O Aq)
W—l\ J

ng x (n%/ny) (nd/nk)vx r

Same size as Ay

Bader & Kolda 2007

5/4/2018 Tensor Tutorial @ SDM18
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Computing the CP Decomposition

5/4/2018 Tensor Tutorial @ SDM18 50

CP Objective Function

A a4 / / /7

miHZ(mifmi)z subject to mi=Zal(il,j)az(izsj)“'Gd(id,j)
i =1

min | X — M|* subjectto M = [A1, As, ..., A ]

Hitchcock 1927, Harshman 1970, Carroll & Chang 1970

5/4/2018 Tensor Tutorial @ SDM18 51
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CP Optimization Problem

e B

Cy Co C
VA S S
. @ T Number of observations = n¢
~ + +eeet
X Number of free parameters = drn
ajp az a,

_ Typically, drit & nd

Jmin X —[A, B, CJJ* N@[ﬂ]@@m]@%

General Form

min ||X — [A1, Ag, ..., Ad]|I* [ How to pick r? }
{Axr}

5/4/2018 Tensor Tutorial @ SDM18 52

CP-ALS: Fitting CP Model via
Alternating Least Squares

Z° 7"

b
" Convex (Linear Least squares)

subproblems can be solved exactly

.f(A)BaC) = ”x - HA,B,CH”Z

m{epeat until convergence... \

min [X) — A(C O B)T|?

min [[X ) - B(C® A)T|?

min [X(5) ~ C(B© A)T|?

5/4/2018 Tensor Tutorial @ SDM18 53
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Squares Problem

Special Structure of the Least =

min ”X(l) — A(C O, B)T||2
B (nama) e
n1 X (nans nyxXr r % (nans)

(COB)AT=X],

AT = (CoB)'X])
AT = (C'C*B'B)!(C o B)™X],,

A =X;)(C®B)(C'C+B'B)!

5/4/2018 Tensor Tutorial @ SDM18

Special Structure of the Least i,
Squares Problem: d-way

Laboratories

I]Rin”X(k) —AL(A4O O A1 O A1 O O AT

Ap Xy (Ad@ O A1 ©Ap1 @O AVT

Vo (ATA ) * -5 (AL Ap1) % (AL Appr) %% (ATAY)

5/4/2018 Tensor Tutorial @ SDM18
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CP-ALS Algorithm + Nuances @“""‘“"’

1: [ﬁt — — (”x — MH/”xH)] Roughly, the proportion of the
9 for f=1.2 do data explained by the model.
3:  oldfit « fit
for k=1,2,....,d do
Z— Xp)(Ag©- 0A © Ay O @ Ay ) {MITKRP}
Vo (ATA)) %% (A;_lAk,l) * (A£+1Ak+1) FERRE ™ (A;Ad)
A + Z/V {transposed backsolve}
[A < column norms of Ak‘ R el
Ay — Ay/diag(A) mportant to normalize!
10: end for
1 (it e 1 — (]2 = M/
12:  |if |oldfit — fit| < 7 then | Sstop when the
13: break fit stagnates.

14: aiid if See MATLCApB:lzmmand:
15: end for =

Harshman 1970, Carroll & Chang 1970

=

5/4/2018 Tensor Tutorial @ SDM18 56

CP Objective Function

AE e /¢ /7

min 1/2|X — M||* subjectto M = [A1, As,...,Al]

Hitchcock 1927, Harshman 1970, Carroll & Chang 1970

5/4/2018 Tensor Tutorial @ SDM18 57
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CP-OPT: Fitting CP Model via i
Direct Optimization o~

f=121X =M|* =1/ Xnx) — My ll% M=[A,A;...,A]]

8M(k)
OA

af
7, =~ (Xw — M) Note
connec

to ALS!

Recall: M) =Ap(Ag® - OA 1 OA1 G- O Al)T

of @)

—(Xy — M) (A0 0 O Ap11 O A4 10O A1) @

OAL )
= _X(.’c)(AdQ"'QAkH-l@Ak_1®---®A1) + ALV,
- J
Y
MTTKRP

where Vi = (ATAp)# - (AL Ap 1) * (AL, Appr) 5 - % (ATAy)

Acar, Dunlavy, Kolda 2011

5/4/2018 Tensor Tutorial @ SDM18 58

CP-OPT

Calculating the function and gradient
1: for k=1,2,...,d do
2. Zp %X(k)(Ad(D"'@AkJr] ®AL @"'@Al) {MTTKRP}
3. Vi (ATAy) % (Al Ak 1) * (AL Aksr) % - % (ATAQ)
4 Ay —Zp + ALV
5. end for
6: f ||:X:||2 +1T7 [Adzd] 1+17 [A;Ad * Va‘:ll

e Gradients not naturally in vector form. D R :
* Need to convert before calling - ‘
optimization method. :
(|

Scaling ambiguities can cause problems — may want to regularize to ameliorate

Acar, Dunlavy, Kolda 2011

5/4/2018 Tensor Tutorial @ SDM18 59
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CP-OPT: Fitting CP via i
“All-at-once” Optimization )

C1 C2 Cp
Z b]/ - YA b,

< [~ + f(A,B,C) = |X - [A,B,C]|*

a; az ar

e CP-OPT (Acar et al.): 1%t-order method, better accuracy than ALS when r is “too big”
e CP-NLS (Paatero, Tomasi & Bro): Damped Gauss-Newton, accurate but slow
¢ CP-Newton (Phan et al.): Newton method, superior to CP-OPT for high order

Structured . ,
ot Structured Hessian can be written as
acobian . .

J(, block dingonal plus Low-rank correction
§ L A Y =
e oA " R
o[ o s o N
- = +, M w

L Ly Loyl ) w© » “w ©
: e WS wisa|
P oels " a2 P

Paatero 1997; Tomasi & Bro 2005, 2006; Acar, Dunlavy, & Kolda 2011; Phan, Tichavsky, & Cichocki 2013

5/4/2018 Tensor Tutorial @ SDM18 60

More on the CP Decomposition

5/4/2018 Tensor Tutorial @ SDM18 61
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Uniqueness = Interpretability

) Ca Cp
Z v l—v, L—n,
= + oot

aj az a,

k-rank(A) = maximum value k such that any k columns of A are
linearly independent

Model is essentially unique (i.e., up to permutation and scaling) under the
condition that the sum of the factor matrix k-rank valuesis > 2r +d — 1

k-rank(A) + k-rank(B) + k-rank(C) > 2r 42

Matrix factorization does not share this property!

Kruskal 1977, Sidiropoulous & Bro 2000

5/4/2018 Tensor Tutorial @ SDM18 62

Comparing two CP tensors

(] ® A ¢ A C
L by L2 o N B, LL .

M M

a; ap aj

gﬂ:

= (Case 1: Single component
= Normalize factors, absorbing weights into A
= Compute: score = p(aTa)(b™b)(cT¢), p=1—I3=A/max{x 3}

Cosine of angle between vectors
= score = 1 = perfect match
= (Case 2: Multiple components
= Compute: score = average of single component scores

= But need to match the components to maximize the score!
= Exact solution too expensive, so use greedy heuristic
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CP Rank

The (CP) rank of a tensor is the minimal value r such that the tensor
can be expressed as the sum of exactly r rank-1 tensors and no fewer.

= The rank can be Tensor of size 2 x 2 x 2:

larger than the X(:,:1) = [é ﬂ X(::2) = [_01 (ﬂ
maximum .
dimension! Ranicls 3

|

—_—
= ¢
(e Bl
[ ]
I~
(i

e
=
(e B
[ ]
s
i ey
I~
sy

_ =
- O
(P
]

Kruskal 1977, Krusal 1983, Kruskal 1989, Bini et al. 1979; see also Kolda & Bader 2009
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CP Rank is NP-Hard

The (CP) rank of a tensor is the minimal value r such that the tensor
can be expressed as the sum of exactly  rank-1 tensors and no fewer.

= Factorizations are not nested
(Kolda 2001) Rank2 ' Rank 3

= The space of rank-r tensors is not e
closed exceptforr =1 e X*
(Kruskal, Harshman, & Lundy 1989) .

= The best rank-k approximation may « ° ’ &-{'2)
not exist (de Silva & Lim 2006) x©@ x

= Determining the rank of a tensor is NP
hard (Hastad 1990, Hillar & Lim 2009)

Kolda & Bader 2009
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@&fﬁﬂm;;,.

Tensor of Unknown Rank

Specific 9 x 9 x 9 tensor factorization problem
Corresponds to being able to do fast matrix multiplication of two 3x3 matrices
Rank is between 19 and 23 — at most 621 variables

r111 =1 Tg21 =1 z731 =1
Z142=1 Zg52 =1 ZTre2=1
z173=1 zy83=1 z793=1
T21,4 =1 ZT504 =1 Tg34 =1
Za45 =1 Z555 =1 Zg 65 =1
To76 =1 T586 = T896 =

z317 =1 T6,2,7 = Zg37 =1
z348 =1 Zes58 =1 Zgps =1
r370 =1 T80 = 1 Tgg0 =1

Laderman 1976; Bini et al. 1979; Blaser 2003; Benson & Ballard, PPoPP’15
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Lab 1 (40 minutes)

1. Download labs and toolboxes from:
https://tinyurl.com/tensor-tutorial-sdm18

2. In MATLAB, change directory: tensor_tutorial/labs

3. Open and work through the following labs (in order):
a) lab_setup.mlx
b) lab_intro_to_tensors.mlx
c) lab_cpals_cpopt.mlx
d) lab_cpals_cpopt large data.mlx

4. You are free to continue working on the When you see this in the

labs through the break. labs, STOP and try out the
exercises on your own.
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) &
National
Laboratories

Missing Data

Tammy Kolda, Bvrim Acar, Morten Mgrup, and Danny Dunlavy

5/4/2018 Tensor Tutorial @ SDM18 71

Tensor Factorizations with Wi
Missing Data? :

http://www.madehow. cu\m/

Biomedical signal processing

D

channels

time-frequency channel time-freq  experiments

g

EEG (electroencephalogram) signals can be
recorded using electrodes placed on the
scalp

oy
.

can we still do this calewlation tf
data are missing?
Acar, Dunlavy, Kolda & Mgrup 2010 & 2011

Missing data problem occurs when...

* Electrodes get loose or disconnected,
causing the signal to be unusable

)G

« Different experiments have over-
lapping but not identical channels

5/4/2018 Tensor Tutorial @ SDM18 72
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Approaches to Missing Data

Q = set of known entries (blue)

min Z(;‘C, — m,-)z
i€Q
s.t. M = [[A]_,Az,. ..,Ad]]

= @Quess Missing Entries
= Expectation Maximization
1. Generate initial model

2. Estimate missing entries (using
current model)

3. Update model (data changed)
4.  Go back to step #2

= |gnore Missing Data
= See equation at left

= Closely related to ideas in matrix
completion...except we haven’t
discussed about picking

Acar, Dunlavy, Kolda & Mgrup 2010 & 2011

5/4/2018 Tensor Tutorial @ SDM18

Brain dynamics can be captured
even extensive missing channels

64 channels

hitp://wwny.madehow co/

Number of Missing | Replace Missing
Channels Entries with Mean

1 0.98
10 0.82
20 0.67
30 0.45
40 0.24
Acar, Dunlavy, Kolda & Mgrup 2010 & 2011
5/4/2018 Tensor Tutorial @ SDM18
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Brain dynamics can be captured @%

even extensive missing channels

" 4392 time-freq.

¢ L L
1T

64 channels

| \
hup://www.madehuw,c?:%/

Number of Missing | Replace Missing Ignore Missing
Channels Entries with Mean | Entries

1 0.98 1.00
10 0.82 0.98
20 0.67 0.95
30 0.45 0.89
40 0.24 0.65

Acar, Dunlavy, Kolda & Mgrup 2010 & 2011
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Brain dynamics can be captured @iz
even extensive missing channels

_\F 4392 time-freq.
VA V4

1T

i =7
mw://www.madehow,cé\w/

No Missing Data 30 Chan./Exp. Missing

channel time-freq  experiments channel time-freq  experiments

)
z-ij-lnﬂ
-

() (IBC‘

Acar, Dunlavy, Kolda & Mgrup 2010 & 2011

5/4/2018 Tensor Tutorial @ SDM18
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Review: Handling Missing Data @“""m'

j@ - ug ﬂgué: F(A,B,C) = Z(w —m;)*

X~M=>) ajobjoc;=[A,B,C] u

=1
Original problem: F(A, B, C) = Z(-T'L - m’i)2
. 19
in ) (x; —mi)? s.t. M =[A,B,C] '

1
Just compute sum
In practice, the user specifies a mask binary tensor as follows: at known values

1 if x; known
w; =
0 if x; missing

Anderson-Bergman, Duersch, Hong, Kolda 2017
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Sandia )
Laboratories -

Generalized CP Decomposition

Tamwmy Kolda, Jed Duersch (Sandia), pavid Hong (Michigawn), CLff
Awnderson-Bergman (Sandia)
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Generalizing the Goodness-of-Fit @ (ﬁ'
Criteria =

x u H H F(A,B,C) =Y \(z; — m;)?

X~M=) ajobjoc; =[A,B,C] \u

j=1
min Z(Ti o T?H)Z %-t. M = [[.A,,B, C]] F(A‘7 B! C) = Z f(:c'i7 mi)
A.B.C e SO ,,«.—'*’ff i

Anderson-Bergman, Duersch, Hong, Kolda 2017
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“Standard” CP via Maximum
Likelihood

Probability Distribution Function:
Normal-distributed with constant o
16

Gaussian Probability
Density Function (PDF)

—[.0)2/20'2 08

Typically: Consider data to be
low-rank plus “white noise”

e; ~N(0,0) Varo? o

e (@

T =m; + €,

3 2 4 0 1 2 3 4 5 6

Equivalently, Gaussian with mean m, . . . i
Minimize negative log likelihood with p; =

ijk

z; ~ N(my, o) m; and o constant for all entries:
(i
—log(L(M) = 3 +17>5<
ijk

min F(M) = Z(% —my)?

Anderson-Bergman, Duersch, Hong, Kolda 2017
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Vi / Probability Distribution Function:
_ H u u Rayleigh-distributed
+ +ot v

Rayleigh Probability
Density Function (PDF) ‘
Hp 2 2
—x° /(20
Assume data is ?e /(2)
Rayleigh-distributed. 2

What if the data is nonnegative (x;> 0)?

3

z; ~ Rayleigh(m;)

Minimize negative log likelihood o
with g; = m;:

2
i

—log(L(M)) = Z Aw 2log m; + T2

_,L,z

min F(M) = E 2logm; + —=
n 2m;
’ T
E(.’L‘g) =TT, —
2
Anderson-Bergman, Duersch, Hong, Kolda 2017
5/4/2018 Tensor Tutorial @ SDM18 86

Poisson CP: Identity Link

Probability Mass ..,

Consider data to be Poisson Function (PMF): L

distributed with parameter m;

e—AAx 008

x; ~ Poisson(m;) x! ; K = = &

Minimizing with A = m:
min F(X, M) = Zmi — x;log(m;) + 100
i

E(X;) =m;

Chi & Kolda 2012, Anderson-Bergman, Duresch, Hong, and Kolda 2017
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“Boolean CP” with Odds Link @“"“‘“‘“

Random Coin Flip: Probability versus Odds

£ p € [0,1] : probability of 1
) o r = 0: odds ratio of 1
What if data is binary (x; € {0,1})? r

= — & =]
T 1-p p 1+r

m;= odds ratio of x; = 1.

x; ~ Bernoulli(m; /(1 +m;)) 1-x
Probability Mass . ex T\ (1
Distribution (PMF) P a-» < (1 + r) 1+r

I
E(z;) = —dt
14+ m;
min FF(M) = Z log(m; + 1) — x; log m;
1
Anderson-Bergman, Duersch, Hong, Kolda 2017
5/4/2018 Tensor Tutorial @ SDM18 88

Generalized CP
y B

min  F(X, M) = Z [ (@i, my)

st. M= [[A],Az,...,Ad]]

“Normal” CP uses:
flz,m) = (z —m)*
“Nonneg” CP uses :
f(z,m) =2logm + z*/(2m*) (x> 0,m > 0)
“Count” CP (Chi-Kolda 2012) uses:
flz,m)=m—=zlogm (x€N,m>0)
“Binary” CP uses:
f(z,m) =log(m+1) —xlogm (z€{0,1},m>0)

Anderson-Bergman, Duersch, Hong, Kolda 2017
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Generalized CP Gradient .

min  F(X, M) = Zf(w“ma

st. M= [Al,Ag,...,Ad]]

of

Define atensor G suchthat g(iy,...,1q) = g; = 8—m(m¢,mi)

Recall m; = ZJ 10:1(21, )ag(lz,j) ad(z’d,j)

aF

Then ———— =g(i1,...,4q) a1(i1,7) - - ap—1(ik—1.J) g1 (Fpg1, ) - - - aa(ia, 7)
J

dap(ig,j) T .
No dependency No dependency on function (f)
on model form (M)
) ) aF
Matrix Version: AL Gi(AgO QA1 QA1 O - O Ay)
k
MTTKRP!
Anderson-Bergman, Duersch, Hong, Kolda 2017

5/4/2018 Tensor Tutorial @ SDM18

Generalized CP Gradient DR
with Missing Data

min F(X, M) = Zf T3, 7))
1EQ

s.t. M= [[Al,AQ, v i ,Ad]]

Define a tensor & such that

am

o g‘ﬁ(iﬁi,mi) ifi € Q,
%=1 ifig Q.

() =Set of Known Entries in Data Tensor
Then (no change except G):

il
A,

Anderson-Bergman, Duersch, Hong, and Kolda 2017, Acar, Dunlavy, Kolda, Morup 2011

5/4/2018 Tensor Tutorial @ SDM18

I3
=Gp(Ad@ - OAL 1 O AL 1O
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@z B

= Can use any optimization method to solve the optimization problem

Observations on Generalized CP

min  F(X, M) = f(a;,m;) st. M=[A, Ay, ..., Aq]
i€Q
= Can easily add regularization

min F(X, M) = Zfzvl, 1)+ZpkAk) st. M=[A;,Aq ..., Al]
i€

= |f data tensor (X) is sparse, no guarantee gradient will be efficient
= Standard CP is a special case that has exploitable structure
= Scalability is potentially a major problem

= |f known data is sparse ({), then gradient will be efficient
= Doesn’t require any sparsity in data tensor
= Perhaps this can be exploited? Yes!

Anderson-Bergman, Duersch, Hong, Kolda 2017
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() e

GCP Efficiency for Large Data

= [ftensoris dense...

= Just leave out data at random! FOXM) = u;ZQ e

= () represents the data we keep, usually only 10% of the data or less
= [f tensor is sparse...

= Keep all the nonzeros but leave out all or most of the zeros

= Add a penalty for the left out zero terms to encourage the model to
stay small

M) = Zf(:ci,mi) + Zami + Bm?
i€Q i#Q
L Y J

nearly free to compute

= Choices for @ and 8 are up for debate

Anderson-Bergman, Duersch, Hong, Kolda 2017

5/4/2018 Tensor Tutorial @ SDM18 94

39



Tensor Tutorial @ SDM18 5/4/2018

Mouse Data using Rayleigh
(Nonnegative)

Neuron Time

1.00 End South

Incorrect

043 | ‘ /——‘L - N -“‘Taﬁ;ﬂ-ﬂ'@w%uﬂ%u ‘:’ - .| End North

[ 100 200 0 50 1000 100 200 300 400 500 600

Anderson-Bergman, Duersch, Hong, Kolda 2017
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A Sparse Binary Dataset

= UC Irvine Chat Network * " o A
= 4-way binary tensor A | g ﬁ @ jl .‘ll
= Sender (211) > 4 P @ i' *p o
= Receiver (211) e e l ol l j o
= Hour of Day (24) ﬁ - n €3 .

) S
= Day (196) = %. n
= 14,849 nonzeros (very sparse)

= =

= Goodness-of-fit
(Boolean-odds):

='
=i
=!*-w.
' D
= =T
==l o

f(x,m) =log(m+1) —xlogm

= Use GCP to compute rank-12 decomposition

Opsahl, T., Panzarasa, P., 2009. Clustering in weighted networks. Social Networks 31 (2), 155-163, doi: 10.1016/j.socnet.2009.02.002
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Binary Chat Data using
Boolean CP

Sender (sorted by component| Receiver (sorted as Sender Time of Day Day
1o [ J : T | e — |
__lhhl . L L

0.83 e oodddnh, a2l _akdldiy

0.60 1].; . JJJ_| A , L.JJ
0,36[l | . ”I 1 el i IJ“

T ) lluuhun,_lL___-.-lllllllII..__A____
1t _-‘lll-.llllllll.L —m‘—‘_‘_‘——_,—,—_

080 | 1)y bl o | .,.ll.‘ P I | | | T T W
om | M | " N
069 Lt sttt Al Lol . sl L (T L] [T _]L__._._/
Rl PR ¥ R D g ol | llllllll.__ Al

oss[ 4 R T || T |

S T T e ———— T

i -“.J.-an . qulll-LLl__-lllhlll“Il-._ e
b

B 11 [ —
T TN

]
0 50 100 150 200 0 50 100 150 200 6 12 18 24 0 50 100 150

Anderson-Bergman, Duersch, Hong, Kolda 2017
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Application to Hazardous Gas OEN
Dataset

1.2m

71 Sensors X 5000 Timepoints X 5 Temperatures X 140 Experiments = 2 GB

Chemical Source Room Conditions:

Include wind direction, wind speed,
. Pt P2 [ 2] ps P and room temperature
all monitored during the entire
" — | I measurement process
c
S : I Fan
-_E —bl I 12V, 4.8A, 1500~5500rpm
-
g 1 » Outlet
=l CP-ALS:
@©
2 : 65 seconds
z —
= 1
< 1
ﬁ_ 1 CP-ARLS:
2.5m 27 seconds

Position label P1 P2 P3 P4 P5 P6
r — arisdistance (m) | 0.25 0.5 0.98 118 1.40 145

A. Vergara, J. Fonollosa, J. Mahiques, M. Trincavelli, N. Rulkov and R. Huerta, On the performance of gas sensor arrays in open

Y using ibitory Support Vector Machines, Sensors and Actuators B: Chemical, 2013, doi:10.1016/j.snb.2013.05.027
5/4/2018 Tensor Tutorial @ SDM18 98
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Gas Data Using Rayleigh p
Sensor Tim Heat Experiment
S ™
041 III
i |1 Hin
v kb -
. oo St i
o e —
0.15 | | | | lllll nmmtons™ spn s g \_.._,.,.w A~
el el _/_ R — ety
0 20 40 60 0 1000 2000 3000 4000 500012345 0 20 40 60 80 100 120 140
Anderson-Bergman, Duersch, Hong, Kolda 2017
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Sandia
National P
Laboratories 1/_*
=] o =]
Poisson Tensor Factorization
Tammy Kolda, Eric Chi (NC State), Todd Plantenga (Firegye),
Sammy Hansen (s]sotiﬂj)
5/4/2018 Tensor Tutorial @ SDM18 107
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Sparse Tensor Computations

= Many real-world data analysis problems are
naturally expressed as in terms of a sparse
tensor

= Computer traffic analysis Q
= Term-document analysis (
= Email analysis &J
= Link prediction &ZK

= Web page analysis

= But where do sparse tensors come from?
= How are the entries generated?

= How can we use that information in model
fitting?

5/4/2018 Tensor Tutorial @ SDM18 108

Generating Sparse Test Data

Ca

Ci
N b nd by

~ Poisson + +-

aj az ar

= Each “occurrence” generated as follows
= Choose component j proportional to 4;

= Given component j:
* Choose index i; proportional to a;
= Choose index i, proportional to b;

* Choose index i3 proportional to ¢;
= Increment x(iy,i,,i3) by one
= Repeat

5/4/2018 Tensor Tutorial @ SDM18 109
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Solving the Poisson Regression @i
Problem Sy

a as a,

i i — T L i subject to M = [A,Aq,... A
Hjlvlcﬂz m; — x; log m; subject to [[ 1, Ao, 5 d]]
1

= Highly nonconvex problem!
= Assume T is given

= Alternating Poisson regression
= Assume (d — 1) factor matrices are known and solve for the remaining one
= Multiplicative updates like Lee & Seung (2000) for NMF, but improved
= Typically assume data tensor X is sparse and have special methods for this
= Newton or Quasi-Newton method

Chi & Kolda 2012; Hansen, Plantenga, & Kolda 2015
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Alternating Poisson Regression
(CP-APR)

Repeat until converged...

1. A T i — ol ;80 M= ajobjoc; ] i
nggg%?m e ;ajo e Fix B,;
i i solve for A
2. A eTA; A « A - diag(1/A) -
3. B« argggrézi:me —zilogm; s.t. M = ;aj sbjoc; | FixAG
solve for B
4. A+ e'B; B « B - diag(1/)\) -
i CeargglénOZm,:—wilogm.: gt M=Zaj°bj05j | FixAB;
i J solve for C
6. XA« e'C; C « C-diag(1/X) -

o
Theorem: The CP-APR algorithm will converge to a constrained stationary point
Theory if the subproblems are strictly convex and solved exactly at each iteration.

Chi & Kolda 2012
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Solving the Subproblem

min m; — x; logm; s.t. M = a;ob;oc;
pin Som —rilogm st M= Taebyocs

min E E @igbiniCiil) = ¢ilog E Gsbi oy
>0 : 17~%20 >33 1J~%2) %3]
\

J J

‘ Lemma: The subproblems are strictly convex under

mild conditions.

Chi & Kolda 2012

5/4/2018 Tensor Tutorial @ SDM18 112

Motivating Example: Enron Email

= Emails from Enron FERC investigation
= 8540 Messages
= 28 Months (from Dec 1999 to Mar 2002) &
= 105 People (sent and received at least one email every month)
= x(iy, iy, i3) = # emails from sender i; to recipient i, in month i;
= 105 x 105 x 28 = 308,700 possible entries
= 8,500 nonzero counts recipient
= 3%dense

= Questions: What can we learn about this data?

= Each person labeled by Zhou et al. (2007);
see also Owen and Perry (2010)

sender

= Seniority: 57% senior, 43% junior This information is not
= Gender: 67% male, 33% female part of the tensor
= Department: 24% legal, 31% trading, 45% other factorization

5/4/2018 Tensor Tutorial @ SDM18
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Enron Email Data (Component 1)

0
10_ ’ F%) Senders (sorted by freq.)
Legal Dept; 10_ o A Oa b_g
Mostly Female 10 .
100
« i " Receivers
R J
&oo 0 0 *a Dy A
-2 . A
10 *
(]
© X6
§ 3000 - stock price pelak " sEC investigatilon # [\,"lsgsI
2000 ]
recipient 1hog P R =
1999-12 2000-07 2001-02 2001-09  2002-03
Seniority Gender Department
W Legal (24%)
B Senior (57%) @ Female (33%
Q Junior ((43%)) A Male (67%) ) :B}ﬁ‘é‘p&g%f
5/4/2018 Tensor Tutorial @ SDM18 115

Enron Email Data (Component 3)

0
(. . 3 a Senders (sorted by freq.)
A A
1[)_2 f ” A "‘ &
Senior; 10 A Al
Mostly Male 5
10 Receivers|
107} oA A LA A
A
< 2l a2 ah A ala |
&
&
E x gggg _‘ stock price pelak " SEC investigatilon #Msgsl_
o 1000 |
(%]
i e .t e
recipient 1999-12 2000-07 2001-02 2001-09  2002-03
Seniority Gender Department
m Legal (24%2)
B Senior (57%) @ Female (33%) 5
O Junior (43%) A Male (67%) @ Oipor gy
5/4/2018 Tensor Tutorial @ SDM18 116
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Sandla
. lahnmmes
Enron Email Data (Component 4)
100
f Senders (sorted by freq.)
w0t AM
] = LA A
il . Ag. /L
Not Legal =
‘ 100
Receivers
-1 &
10 F a4 Al ‘,_,:_O“A Al 5l
& 10” - : R -
&)
&
_g :x 3888 _' stock price pelak " SEC invesﬁgali‘on # Msgs‘_
] 1000 1
© S P, o Bt
recipient 1999-12 2000-07 2001-02 2001-09  2002-03
Seniority Gender Department
. B Legal (24%
B Senior (57%) @ Female 33%)
O Junior (43%) A Male (6 B Onor & b
5/4/2018 Tensor Tutorial @ SDM18

117

Randomized Least Squares for
CP Decomposition

Tammy Kolda, Casey Battagline (GA Tech)
and Grey Ballard (Wake Forest)

5/4/2018 Tensor Tutorial @ SDM18
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CP-ALS: Fitting CP Model via iz (DX
Alternating Least Squares T

C) Co Cp
min X1, — A(C © B)T|? £ o f—b E—b,

~ + Foeet
X
ay az

min [ Xy - A(C © B)T|]?

a,

“right hand sides” “matrix”
——————— (@ @b

— | - (e x:h,)‘
’ ’ Khatri-Rao Product
X 1) - A (CoB)T|%

ng X n/ny Ng X T r x n?/ng

Battaglino, Ballard, & Kolda 2017

5/4/2018 Tensor Tutorial @ SDM18 119

Recall: Special Structure of the
Least Squares Problem

H_l

T X (7’12713) ny xXr r X (n2n3)

min | X1y — A(Co®B)T||*
A N

The most expensive step is
not the backsolve.

Rather, it’s the formation of
the Khatri-Rao product!

So, how will randomized

A= X(l)(C ©®B)(CTC « BTB)T methods help?

Battaglino, Ballard, & Kolda 2017
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CP Least Squares Problem

1Xq) - A [(CoB)TIE

ng, x nd/ny, ng X T 7 x n%/n

How to randomize this?

5/4/2018 Tensor Tutorial @ SDM18 121

Aside: Sketching for Standard OEN
Least Squares

min ||Ax — b||
b

[—

x < A\b

Y

Backslash causes MATLAB to
automatically call the best
solver (qr, etc.)

0(fAr?)

Sarlds 2006, Woodruff 2014
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Sampled Least Squares

Choose q rows, uniformly at random

A x b .
— approximate
L]
SA x Sb
L]
]
_ S q
l
r
Il / Sampling only guaranteed to
“work” if the A is incoherent.
T
A2
0 (nr ) Sarlds 2006, Woodruff 2014 0 (qrz)
5/4/2018 Tensor Tutorial @ SDM18 123

Enforcing Incoherence

A x

|

Mixing Matrix

fl Mixing Matrix —
f r
* Many good choices of mixing matrix, such as a
chosen from a uniform random distribution.
* But no reduction in cost!
Sarlés 2006, Woodruff 2014
5/4/2018 Tensor Tutorial @ SDM18

matrix with entries
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Fast Johnson-Lindenstrauss
Transform (FILT) N
A x b
fl FD - ¥D

* Instead, use FFT (F) followed by random diagonal with +/- 1 entries (D).
* Costs only rlogi to apply
* Practical application in Blendenpik, yielding ~4X speedup versus LAPACK

Sarlds 2006, Woodruff 2014, Ailon & Chazelle 2006, Avron, Maymounkov, & Toledo 2010
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Sampled/Mixed Least Squares

min ||Ax — b
X

min ||[SAx — Sb|| min [|[SFDAx — SFDb||

Sampling only, Sam'pl'ing +
No mixing. Mixing

Ailon & Chazelle 2006; Avron, Maymounkov, & Toledo 2010
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Sandia
National

CP-ARLS e

min Xy — A(C© B)T|?
A X/ (COB)T

X 1)ST - A [(CoB)™ST]|%
A« X1)ST/(C© B)TST

Battaglino, Ballard, & Kolda 2017
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CP-ARLS Trick #1.:
Avoid unfolding data tensor

X (1)ST - A [(Ce®B)™ST]|%

\\ Type equation here.

Data movement is often as expensive or more expensive than FLOPS.
Just move the minimum and no more.

Battaglino, Ballard, & Kolda 2017
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CP-ARLS Trick #2:

Don’t form Khatri-Rao Product

[j%%a%gf

[|X(1)ST - A

The Khatri-Rao product is actually the most expensive part of CP-ALS.
Skip this and save lotsa time.

Battaglino, Ballard, & Kolda 2017
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Each column in the
sample is of the form:
(C(£,:) .* B(k,:))"

[(CoB)™sT]|Z

Trick 2:

129

Randomizing the Convergence
Check

Sandia
National
Laboratories

Repeat until fit stops changing...
min [X¢) — A(C O B)T|*

min Xz ~ B(C© A)T|]

mén [X@ —CBoA)T|? Esti
°
- -
® e °
s X .
A= S
- e ©
g (use
& 102
n
% 16000 samples’< 1% of full data
f23
3
o 101 W
3 P PP n?
Lol oy
2, H" f(AanC)_ ~
e |€2]
20 40 60
5th-Order Tensor Size
Battaglino, Ballard, & Kolda 2017
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f(A,B,C) = > (z; — m;)?

st. M =[A,B,C]

function values using small
random subset of elements

i

mate convergence of

function evaluation
Chernoff-Hoeffding to
bound accuracy)

Z(ﬂfi —m;)?

iy
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il 1
0.98 0.98 |/
0.96 | 0.96 |
=
=)
0.94 - 0.94
— CP-ALS
0.92 0.92 | : CPRAND
—s— CPRAND-MIX
0.9 0.9 :
0 5 10 15 20 0 5 10 15 20
time (s) time (s)
300 x 300 x 300 Random Rank-5 Tensor 80 x 80 x 80 x 80 Random Rank-5 Tensor
with 1% Noise with 1% Noise
Battaglino, Ballard, & Kolda 2017
5/4/2018 Tensor Tutorial @ SDM18 131
Application to Hazardous Gas i
Dataset o
71 Sensors X 5000 Timepoints X 5 Temperatures X 140 Experiments = 2 GB
Chemical Source ﬁlﬂ:dr: 5.?23::&‘1 wind speed
v ] B2 2] ) =3 P8 and room temperature i
all monitored during the entire
" — | I measurement process
é : I Fan
5 —’I ] 12V, 4.8A, 1500~5500rpm
8 .1
e £
:\_n g 1 » Oullet
- CP-ALS:
g ! 65 seconds
N
T CP-ARLS:
<t 27 seconds
Position label P1 P2 P3 P4 P5 P6
r — arisdistance (m) | 0.25 0.5 0.98 118 1.40 145
A. Vergara, J. Fonollosa, J. Mahiques, M. Trincavelli, N. Rulkov and R. Huerta, On the performance of gas sensor arrays in open
i Y using itory Support Vector Machines, Sensors and Actuators B: Chemical, 2013, doi:10.1016/j.snb.2013.05.027
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Factors from Gas Dataset

D

Sensor Time Heat Exgerimem
1.00
ML |  —
0.67
o T __///"——;G;‘“\\jiiili: [E—
T (RRRN]
oo ~—— [N (PP
R
[—r m—
0.1 ]'l—"
0 20 40 60 0 1000 2000 3000 4000 500012345 0 20 4‘0 6‘0 8‘0 160 12‘0 11;0
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@i |
Factors from Gas Dataset s
Experiment
et

—— [—
g VIS EFCORSIZENIE 0D/

60 80

5/4/2018
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Viz of Experiment Factor Matrix (@) () .’-'
Using PCA Projection ;

Acetone-2500
Ammonia-10000

Experiments (140) projected onto 2D space using PCA

€0-4000 ‘
Ethylene-500

Methane-1000

Methanol-200

_ 1 »
Correspondence *
|
‘ to gas types! ‘
) R P |

. ’ i ¢ ;

XX RN

L]
e

?a.. ?.: .

*
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Summary
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What We Didn’t Cover

= QOther tensor models
= Tucker decomposition

= Tensor train and hierarchical
tensor decomposition

= Coupled factorizations
= Tensor eigenproblems

= Symmetric tensor
decompositions

= Functional (i.e., continuous)
tensor decomposition

= Tensor completion & tensor
nuclear norm

= And much more! b Tl

Temor completion problem

Tensor Tutorial @ SDM18 139

lilustration by Chris Brigman

Takeaways

= CP has many applications
= Nonconvex, difficult optimization
problem
= Determining number of components is
NP-hard but critical for real-world
applications
= How to handle missing data? Ignore it!
Alternative objective functions
= Poisson tensor factorization
= Generalized CP
=  MTTKRP is key kernel
= Matrix sketching speeds up least
- squares subproblems
= Many open problems!
== = Applications
= Sensor data
= Neuroscience data
= Network data

5/4/2018 Tensor Tutorial @ SDM18 140
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Illustration by Chris Brigman

Current Collaborators

= Cliff Anderson-Bergman (Sandia)

= Gavin Baker (Sandia)

Tensor Too = Grey Ballard (Sandia/Wake Forest)
= Richard Barrett (Sandia)

= Casey Battaglino (Sandia/GA Tech)
= Jon Berry (Sandia)

= Karen Devine (Sandia)

= Jed Duersch (Sandia)

= Alex Gorodetsky (Sandia/Michigan)
= David Hong (Sandia/Michigan)

= Alicia Klinvex (Sandia)

= Hemanth Kolla (Sandia)

= Rich Lehoucq (Sandia)

= Jiajia Li (GA Tech)

= Eric Phipps (Sandia)

Your Presenters Today = Prashant Rai (Sandia)

*+  Danny Dunlavy = Keita Teranishi (Sandia)

+  Tammy Kolda = Rich Vuduc (GA Tech)

= Alex Williams (Sandia/Stanford)

= Kina Winoto (Sandia)

= Jeff Young (GA Tech)

= Plus many more previous collaborators!

Tensor Toolbox for MATLAB:
https://www.tensortoolbox.org/
Bader, Kolda, Acar, Dunlavy, and others
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Lab 2 (20 minutes)

G 4 - B, J (
L : 4 ‘;_@2}’
@ ey

* Try it out.
Solutions Below.

J

5/4/2018

lab missing data.mlx
lab_nonnegative_cp.mlx
lab_boolean_ cp.mlx
lab_cross_validation.mlx
lab_possion.mlx
lab_randomization.mlx
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