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Assignment 6:

I.

Since each v; is a unit norm eigenvector, then when i =/,
V,'TV_,' = V,'TV,' = ||V,~||2 =1.
However, to show viij = 0 when i #j, note that
Mvi=Nv; = vi=(MV)/ i, (1
and
My =W = v; = (MV)/ Ny, 2
forall i, j € {1,2,..., n}. Left multiplying the right-hand equations in (1) and (2)
by \{,T and v, respectively, yields
v, Vi = (V' Mv;)/ Ny, and vi'v; = (v, Mv)/ A
Taking the transpose of V,~Tv_,~ yields
vi'vi] = vi'vi = (vi'"Mv)/ b= (v, Mv))/ M. (3)
Since V[TV]‘ = (viTM\{,)/ A is a scalar, it is equal to its transpose. So,
[vl~ij]T = v,~ij. = (V[TM\{;)/ = (viTMv,)/ Ai. 4)
From the premise that i # j (and so A; # };), and since v,~TMV_,~ = V_,~TMV,~, then an
order property of the real numbers implies that the right-hand equation in (4) is
valid only when (viTM\{,)/ A= (V_,~TMV,~)/ i =0. So,
ViV = (VM) =0 = v,y =0,

when A; # A;. Therefore V,'TV_/Z 0jj.

By contradiction, suppose that the set {vy, va,..., v,} is linearly dependent.
Then, at least one element of the set can be written as a linear combination of
the remaining n — 1 elements, namely
vi=cvitcevato oVt civVier .o eV, %)
where at least one ¢; in the set of constants is not equal to zero (in order to
guarantee a non-trivial solution to the system).
Now, left multiplying (5) by v;" yields
Vi Vi= VeV VeV o VG ViV Vi Ve
= c;viTvl + czviTvz +...+ ci,]viTvi_l +¢; +1vl~TV,-+1 + ...+ cnviTv,,. (6)

From the results of problem 1 above, v;' v; =1, and each term on the right of (6)



Bruce James

is equal to zero, namely

CIViTVI + CZViTVZ +...t Ci—IViTVi—l + Ci+1viTVz’+1 +...t CnViTVn =0,
which implies the contradiction that 1 = 0. Therefore, no element of the
mutually orthogonal set {v;, v,..., v,} can be written as a linear combination

of the remaining elements and, hence, is linearly independent.

3. (a) Since w = cv| + cava + ... + ¢,Vy, then left multiplying by M yields
Mw = M(civi +cava+ ... +c,vp)
=ciMv,+caMvy, + ...+ ¢, Mv,
=ci Vi T hava + ..+ e M.
Showing Mw # 0 by contradiction:
Suppose Mw = 0. Since w is a non-zero vector, then there exists at least one
¢i#0,ie{l,2,...,n}. With A;> 0, and ||vi||* = 1, then ¢; \iv; # 0. With the
contradiction assumption, then
Mw=0=ciMvi+cahava+ ... + ¢, Ay
= ciNVi=ciMVi T lavat o+ i Vit Cinihinl Vil o AV
= v;=(c1 M)/ (ciM)vi (2 M)/ (cih)va + ...+ (ciihi)/(ci M) Vi
+ (cirihis)/(CciM)Vier + .ot (cn M)/ (i M)V
Therefore, v; can be written as a linear combination of the remaining vectors in
the mutually orthogonal set {vi, v»,..., v,}, which is a contradiction.

Therefore, Mw # 0.

(b) With Mw = ci v + o \ava + ... + ¢y AV, left multiplying by M again,
now yields
MW = M(ci ML+ 2 0aVa + ...+ Ca Vi)
=ciMMvi+c oMy + ...+, b My,

2 2 2
=ciM Vit Vot .. F e, NV,

(c) After k iterations of left multiplication by M,

]\/[kw=cl 7\.1kV1 + Cz)\,szz + ... +C,,}\.,,kVn.
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(d) With Mw=ciMvi+ e v,+.. +e, )»,,kv,,, then factoring out ¢; M

yields
Mw = e M i + (cole)MFWa + L+ (e e) 0.
Also,
MW = [|er E [v1 + (eofe) R wa + ..+ (ealer) v ]|
= er M [|Vi + (/e 0 + .+ eyt .
So,

Mw /1 |Mw]| = [(cr MY Jen M ][ (1 + (eole) 0 iEyva + ..

+ (el en) 0 W) (|1 + (eofe) R ayva + ..

)

+ (enle) O IV

As k — oo, then

|[Vi + (eafen) R aFYva + ..+ () W | = [Ivill =1,
and (Kik/)»lk) — 0, so
(vi + (cale) YA W + .+ (ealer YO I )V,) = v,

The expression (c; M"Y/ |e1 M| = +1 as k — oo,

Therefore, lim 4., M*w / ||M*W|| = +v,, when ¢; # 0.



