Assignment 5
4.1 That was the idea, A was obtained by substituting a;j fora;j, soif Aisreal then A = A
5.1 Assume x = 0, then x # O,TT = 0.

T — — —_ . . g
X X = X1X1 + X3X5 + -+ + XX, Which is the sum of all positive nonzero
numbers. Xx = |x|? - Xx > 0.

Therefore X' x > 0.

5.2 mind|a; — z|? = ZZ(aji - zi)zfromj =1tomand i =1ton.
1. Taking the partial derivative with respect to z; gives Y, — 2(a;; — z;)
from j = 1 to m for the i dimension.
2. Set the partial derivative equal to zero to find the minimum z;
0=2%—2(ai —z)
mxz; = }a;i

_Xaji

z == the minimum for 1 dimensions of z

3. Thus for all dimensions the minimum z can be simplified to (@itat - tam)

5.3 minY.a; [(ail) log (ail) - (ail) + 1] = min).xlog (ail) —x+aq;
1. Taking the derivative with respect to x gives Ylog (ail)

2. Setting the derivative equation equal to zero gives a minimum when
x=aja; #0
3.

5.4 Due to the constraint xTy = 0, any vector y that minimizes Y|a; — yI2 must lie on the
hyperplane xTy = 0.

ajt+az++any

As shown in 5.2 the vector ¢ = solves the unconstrained minimization

problemY:|a; — y|?.

The orthogonal projection minimizes the distance between two vectors. Therefore the closest point
on the hyperbolic plane xTy = 0 to c is the orthogonal projection. So all that needs to be shown for
this method to be true is the farther you get from the centroid, the ‘bigger’ the solution. This can be
seen by looking at the second partial derivatives.
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From 5.2, minY|a; — z|? = ZZ(aﬁ —z) fromj=1tomand i=1ton
The first partial with respect to z; is )} — 2(aj; — z;) fromj =1tom

The second partial with respect to z; is just 2m.

Therefore, the second derivatives are always positive, meaning the value of the solution set is always
increasing as you move away from the minimum. Thus the minimal solution on the hyperbolic plane
is one closest to the minimum, which is the orthogonal projection of c onto the plane.

6. New Problem
a.la—yl?—|xTal? =la—c+xcTx|?> — |xTa|? =
l(a—c) +xcTx|? = |xTa;|?=((a—¢c) + xcTx) - ((a—¢) + xcTx) — (xTa) - (xTa) =
(a=c)-(a=c)+2(a—c)  (xc™x) + (xcTx) - (xcTx) — (xTa) - (xTa) =
(a—c)-(a—c)+2a-(xc™x) —2c- (xcTx) + (xcTx) - (xcTx) — (xTa) - (xTa) =
(a=c)-(a=c)+2aTxcTx —2cTxcTx + (xcTx)T (xc™x) — (xTa)"(xTa) =
(a=c)-(a=c)+2aTxcTx —2cTxcTx + xTexTxcTx — (xTa)T (xTa) =
(a—c)-(a—c)+2a"xcTx —2cTxcTx + cTxcTx — (xTa)T (xTa) =
(a—c)-(a—c)+2xTacTx —cTxc™x — (xTa)T (xTa) =
(a—c)-(a=c)— (—2xTacTx + cTxc"x + (xTa)T (xTa)) =
(@a—c)-(a=c) = (")) = 2" (") + ") (x" ) =
(a—c)-(a=c)—(c"x—xTa) (c"Tx —xTa) =
la—c|?> = |cTx —xTal? =
la—c|?> = |cTx —aTx|? =
la—c|?> = |(cT —ah)x|?
If this simplification is correct, the problem would become:
minyla; — c|? — |(c" - aL-T)x|2 fromi=1tom

b. minimizing this would be maximizing the dot product of (¢’ — al-T) with normalized vector x



